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Abstract

This is my study notes on the English language translation of Perfect Incompressible Fluids by
Jean-Yves Chemin [1] when I was the first year PhD student at University of Gottingen, 2019-2020.
I rewrite all the details with my understanding, including a section-by-section aim and summary of
each chapter. I have also remarked on those things that I found confusing, or that I still don’t clearly
understand.
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1 Presentation of the Equations

2 Littlewood-Paley Theory

3 Concerning Biot-Savart’s Law

4 The Case of Smooth Initial Data

5 The Case of Bounded Vorticity

5.1 Yudovich’s theorem

In this chapter, we are going to study the following formulation of the Euler’s equation in R? x R:

O+ dive v =—-Vp
(E) dive =0

V|t=0 = Yo

We want to prove an existence and uniqueness theorem by energy method when the initial vector field
has it curl bounded and compactly supported. Let us now state the main theorem as following:

Theorem 5.1 Let m be a real number and vy a divergence-free vector field belonging to the space E,,.
Assume, in addition, that wy belongs to L>° N L* with 1 < a < +o00. Then, there exists a unique solution
(v,p) of (E) belonging to the space C (R; Ey,) X LS. (R; L2) and such that the vorticity w of the vector
field v is in L™= (R®) N L> (R; L* (R?)).

Moreover, this vector field v has a flow. More precisely, there exists a unique mapping ¥, continuous
from R x R? to R?, such that

t
v(t,x) == +/ v(s, (s, x))ds
0
In addition, there exists a constant C such that
B(t) —1d € CoP(=Ctlwnllzonya)

Remark 5.1 For the uniqueness of the solutions (v,p). According to Proposition 1.3.8 and (1.15), the
pressure p is uniquely determined by the vector field v since it is square integrable.

We first prove the uniqueness in the following sense: In the space L? and at the time ¢, the distance
between two solutions in terms of the distance, again in L2, between the initial data, and using only a
control on the L*° N L® norm of the vorticity. The following lemma implies the uniqueness in an obvious
manner.

Lemma 5.1 Given a real number a > 1, there exists a constant C' verifying the following property:
Let (v1,p1) and (vg,p2) be two solutions of the incompressible Euler system (E). Assume that they
both belong to the same space LS. (R; Ep,) X LS, (R; L2) and that w; belongs to L>° N L*. Define

loc

V)

a(t) = (C’ max [[0;(0) — o 1. e1V712> 4 max |will Leorra + 1)5 and
7

t
B(t) = e/ a(s)ds.
0
Then we have the following relation:
[01(0) = e2(0)[72 < €70 < oy (1) — wa(b)l[ 7 < [or(0) = va(0) [75 ) ealtmexpl=2OD,

Remark 5.2



e For any stationary vector field o whose total vorticity is m, v;(0) — o € L? (RQ) . So we can choose
an arbitrary such o and fizing it.

o As for ||Vo| e, we can bound it using a calculation like the one we used to verify the expression
foro-Vo onp. 11 (link missing). Therefore, the definition in Lemma 5.1 is well-defined.

Proof: First, for all b > a and v = v; — vy, by Theorem 3.1 and the fact that f € LP N LY = f € Lb
forall 1 < p<b<q< oo, we have Vv = Vv, — Vg € LP. In the following, we can get each v; € L™,
so we have v - Vv belongs to L? It doesn’t seem possible to get around v € L™ here! Maybe this can be
assured by some hidden hypothesis but I don’t know.

For the pressure we have know

p=A"1Ap=A""! (0y divv + Ap)

=ATH 0> 07+ 9p
J J

=> A7 (9;007 + 9;0;p)

’ , (5.1)
== 9;A7" (v- V)
J
= Z@jA_l (8tvj + 8]‘]))
J
==Y 9;A7" (VFop).
j.k
Applying V to both sides gives
Vp=-VY ;A" (v o?). (5.2)
.k
Hence, the fact that (v;,p;) are solutions of (E) ensures that
Vb >a, Ow;=—Vp;— (v;-Vu;) € L. (5.3)

Now, define the function
def 2
I(t) = [l(vr = v2) ()72
and
def 2
10 [ Xew) o2 = va) (1,2 o
R

for a strictly positive real number e.
Let 11 be the flow for v; and change variables, using the fact that v (¢) is measure preserving, we
have

10 = [ (el = w2) (o) da
= [ x(entta) (e = o) (101 62))

(Here, x is presumably the function of Chapter 2, which is smooth and supported on a ball centered at
the origin.) Then we calculate,

% (v1 — v2) (, 1 (£, 2))]?

= 37050 = ) (w1 (6 2)) Ol (82) 4+ 04 (01 = o) (8w (8,2)
= 37050 = ) (1 (6 2)) P o] (1 (1,)

+2 (o1 —vg) (8,1 (¢, 7)) - Or (01 — v2) (& (¢, @)



where we used 9y (¢, x) = vy (¢, 91 (¢, z)).
Making essentially the same calculation that we made to verify that 0, (v(t, ¥ (¢, z))) = (Opv + v - V) (¢, ¥(t, x)),
we have

O (v; (£,91(t,x))) = (Opv; + v1 - Vo) (E, 91 (¢, )
S0
O¢ (v1 — v2) (¢, 91 (t, x))
— (Or — Bs + 1 - Ty — vy - V) (44 (1, 2)
= (=Vp1 —v1 - Vug + Vpo + v9 - Vug +v1 - Vg — vy - Vo) (¢, 91 (¢, x))
= (=Vp— (v1 —v3) - Vo) (t, 91 (¢, x)) .

Putting this all together, and changing variables from 1 (¢, ) back to = at opportune times, we get

I;<t>=/sz< 2 (01 ) ()

X (e (t, ) (v1 — va) (¢, U1 (¢, 1:))| dx

)
LD nG o d e,
Ul - 7)2 1/J1(t75€)) - Oy (vl - UZ) : (tﬂ/fl(tﬂﬁ))

LD |v1—v2><t,w>|2 w(t,2) >dm
)

(01 — v2) (1) - B (v1 — v3) - (b2
-y / e — ) (1) vi (¢, 2)do

i /R () (v = ) (1,2) - Ve

. /R () (o1 — w2) (4,2) - [(02 —v3) (t,2) - Vn(t, )]

Note that we can justify the following calculation:

O |(1}1 - UQ) (tvwl(tax))ﬁ =2 (’U1 - 02) (ta Z/Jl(t,IL')) - O ('U1 - 1)2) (tawl(ta {E))

is a distribution. Then we can use the integral by parts to get

L) <2 / x(ew) (o1 = v2) (6,2)” [Voa(t,2) do + R (1)
where

t) = EZ/R (01 — v2) (£, 2))* V] (t, ) (8;x) (ex)dx + GZ/ (v1 — v2)" (t, ) (Dix) (ex)p(t, x)da.

The vector field vi — v2 belongs to the space L7, (R; LN LOO):

e The L{° part comes from the assumption that vy, ve € L (R; Eyy,) .

loc P loc

e The L? part comes from the definition of E,,.
e The L* part comes from the fact that v; € L*> in the next,

and the pressure to the space Lj5. (R; L2). We have,

/}R2 |(v1 = v2) (¢, 2) 0] (¢, 2) (9x) (ew)d

< (1 = v2) (t ) g (01 = v2) (t) 2 0] (8, 2) (9%) (e)]| 2

< 0



where we used the fact that x (and so 0;x ) is compactly supported and the fact that v{ is a sum of a
function in L? and a function that is bounded near the origin to conclude that the last norm above is
finite.

We also have

/Rz (01 = v2)" (t:2) (D) (ew)d| < (i) (ex)l| o |01 = v2) (8, )| 2 (s )22 < oo

Therefore, we infer that
R.(t) <C(t)e with C € L5.(R).

Remark 5.3 If we make this same calculation using a vector v =0 4+ w € E,, in place of v1 and o in
place of va, we obtain,

d
o) —alliz <20|Vollex o) - oll7: + Re(?)
As above, Rc(t) = 0 as e = 0. Then

LM
dt

Therefore we have equation (4.32) and from (4.33) we have

(t) —oll7: < 2(VoL<lv(t) — o7
lo() = o132 < [lvg — |72 eIVl
We will use this later.

Holder’s inequality implies that, for all b > a, we have

I'(t) <2 (/R x(ex) oy (t, x) — va(t, )| T dgg>1_i </R |Vv2(t,z)|bdx) L R.1),

where

o=

(/RZ x(ex) o1 (t, ) — va(t, )| T dx) -

— </}R2 x(ex) [or(t, ) — valt, )| o1 (¢, 2) — va(t, )| 7T dz>1_

1
b

o=

2 1 1-
< Jon(t.) — oot ([ xteo) e - el

1

= fJort, ) = vat, ME e (L(8)'F

Furthermore, for all b > a

1) < 2 jor (1) = va(D)| e 1e(t)F [Voa(®)ll o + Re(t).

According to Biot-Savart’s law, Theorem 3.1 .1 and the conservation of the vorticity along the flow lines,
it follows that for all b > a
b2
Vo)l e < 5= lw2(0)llze < COllw2 (0l parpee -

Moreover, dropping the ¢ subscript on v; for convenience, we have

[v][Lee = |lv — 0 + ol = [[X(D)(v — ) + 0 + (Id = x(D))(v — 0)|| =
< Ix(D)(v = 0)|[ + [|o]|Le + [|(Id = x(D))(v — )| L=
Note that
[(Id = x(D))ol[L= < [loflLe + [[x(D)o| Lo
= [|ofl + oo e < (14 C)|o| L < 00,



and
[x(D)(v =o)L= < ClIx(D)(v = 0)| 2 = Clix(v = o)l 2

< CIx(D)lz=l(v = o)z < Cll(v = )| 2

= Cll(v(t

where we used Bernstein’s lemma (Lemma 2.1.1

absorb its norm into the constant, C.
Note also

— o)l

for the first inequality and the fact that x € L*° to

I(d = X(D)o) iz =D Ajolze <D || Ajvllze.
§=0 §=0

By Bernstein’s inequality, Lemma 2.1.1, applied twice,
180" oo < C277 |00 0| oo = C277 || A 000" |
< 0277 [|A; V] oo = C277 VA
<C27 (2j)2/a VA, . < C2//e=1)g lw(A0)]|a
= /a1y 1AWl ;a

where the last inequality follows by Theorem 3.1.1. We then have

180l = |F7 (0 (277) D) |,
=[FFEFE (e @7) D).
=[|FHFEEFE e (277) *w)l,.
=7 (e (277) x 0l < IF7 (0 277) | o llelze
= [F @I lwllze = Clllle

That H]:_l (¢ (279))) HLI = H]—"l(gp)HLl follows by a change of variables. Thus,

e .

1(1d = x(D))v|| = < Y~ C2F* Vajw| e < Callw||za.

§=0

Therefore we know that
[0ill oo < C ([|0(0) = ol L2 exp (¢| VL) + [lo]l L~ + a[[wi(0)[ o) -
Therefore, for every b larger than or equal to a, we have
I'(t) < a(t)bI(£)' 75 + R(t). (5.4)
Now, assume that [|v1(0) — v2(0)||7» < 1. Let  be a real number such that 0 < < 1 — I(0). Define
Jen(t) =0+ Lc(t)

All the inequalities which follow are true only under the assumption n+I.(¢t) < 1 We infer from inequality
(5.4) that
JL (1) < at)bJey (1)~ 4 Re(t).

Choosing b = a — log J. ,(t), we obtain

Jévn(t) S Oé(t) (a’ - log Je,n(t)) Je,ﬂ(t) €xp (a_lcl)oggj;:iii)

< ea(t) (a —log Je (1)) Jen(t) + Re(t).

) + Re(t)

For every differentiable function f from R to (0, 1), we have, for every A € (0,1)

f'(t)

1d
— ——log(l — Alog f(t)) = F®)(1 = Xog f(¢))

Adt




Let A= % and, using the inequalities
Jen(t) >n, and a — log J. ,(t) > a,

we have

d Re (t)
_— — <
p log (@ — log Je (1)) < ea(t) + an

Set
" R.(7)

an

Ben(t) = B(E) + / dr

From the definition of 3, we have, after integration,
1 1 _
—log <1 - log Je,n(t)> + log (1 - log Je,n(0)> < Bey(t)

Taking the exponential of the previous expression, we obtain
1 eBem(t)
1 < i
— s log Je (1) — = log Je ,(0)

1 1 _
= 1—-—logJe,(t) > (1 — —log Je’n(())> e~ Pen(t)
a a

1 1 5
= —logJe,(t) <1— (1 — —log Jéwn(0)> e Ben(®)
a a
— log Jen(t) < a— (a—log J. (0)) e Pen®)
=a (1 - e*B“”(t)> + e Pen®og J, (0).
Therefore, again taking the exponential,
Jea(t) < e2(mop(Fen(®)) g ()0 (=P ®)
From the definition of R, we have
R.(t) <C(t)e with CelLy.
Passing to the limit when € goes to 0 and, afterwards, when 7 goes to 0, we complete the proof of the

lemma. -

Lemma 5.2 Let o be a stationary vector field (in the sense of Definition 1.3.2). Consider a function p
belonging to S (R?), of integral 1. Neat, we define the sequence (oy,) by op, = pn *x o where py(x) =
(1+n)2p((1 +n)x) Then, we have

neN
lim [lo— o 2 = 0

Proof: I cant follow in detail the thread of Chemins argument, I give a new proof.
By the mean value theorem, given ¢ € R?, there exists an 7 on the line segment between the origin

and &/(n + 1) such that
pl&/(n+1)) —p(0) _ ~»

Gy VAW

where E is a unit vector in the direction of £. From this it follows that

[ ¢ €] A
p(n+1 _1+n” Al

If o were in L2, then we could write

15~ Falis = 16~ 3ol = 17— il = 131~ )l
~[ro (1-7(55)) | = [ros]| oot
= 127 56) ). —”ﬁ”? ||vAoHL2
—”D””L’*’Hv s < AP o))



the last inequality being by Theorem 3.1. This would work fine, since 1/(1 4+ n) approaches zero as n
approaches infinity. But o is only in weak- L2, so the first inequality above is not valid. This is a point
that is, perhaps, quite subtle (it is to me, anyway), but the inequality in question is of the form

|B] < |C| = [[AB] > < [|AC]| L2 (5.6)

where

The problem is that ||A||z2 is not finite, while ||AC||12 is finite. We need to have ||A||z2 be finite for
Equation (5.6) to be valid; that is, we need to be able to treat & as a regular function in L2
To get around this problem, we use a frequency decomposition, and write

lon = ol = [IX(D) (on = o)l L2 + (1 = X(D)) (o0 — o)l 2 (5.7)
Then,
IX(D) (07 = o)l 12
= |F (x(D) (00 = )2 = IX(@n = F)llz2 = |X(G — pn ¥ 7)| 2
= [x(@ = Pno)llz2 = Ixa (1 — pn)ll L2

. [ & )> |£| H
—llyve (1- D7 ||
< p<1+n LS Pl
_ I1Dpl L= HDPHL
1 x(&0)]l L2 XVl 2
2 IIDPHL | Dpl|
< < - .
< Vo 2 ] Vol <C 1 lw(o)]l L

The use of the equivalent of Equation (5.6) in the critical inequality above is valid, because we are using
A = %@, which is in L2.
The second term of Equation (5.7) is bounded by

[(1=x(D)) (on — o) |22
_Z”A pn*J_UHL2 Z 271vA, pn*U_U)”LZ
q=0 q=0

<Y 0279 |w (A (pn k0 =)l

= C27| Ay (pn * w(o) — w(0))| 2

q=0

= > C27 | F T (F ((pn x (o) = w(@)))]] 2

< ZCQ“I lpn *w(o) —w(o)| 2 < Cllpn xw(o) —w(o)| 2

q=0

In the second inequality we used the first inequality in the second part of Lemma 2.1, Bernstein’s in-
equality, which required Fourier support on an annulus; this is another reason for decomposing v into low
and high frequencies before bounding its norm. In the third inequality, we used Theorem 3.1. We also
used the fact that derivatives commute with the Littlewood-Paley operators (up to a possible factor of
i), including the derivatives involved in the definition of the vorticity. Finally, we used Oy (f *g) = f % Org
to move the vorticity operator past the convolution.

It follows from Equation (5.7) that

|1 Dpl| o=

low — ol < CH2PE

lw(@)llzz + Cllon * w(o) = wlo)|l 2



The first term clearly approaches zero as n grows large. The second term approaches zero because w
is in L? and p,, is an approximation of the identity, though written with an integer-valued parameter
approaching infinity rather than a positive real-valued parameter approaching zero, as is more customary.
This completes the proof. -

Now, let us finish the proof of the Eulerian part of Theorem 5.1. In order to prove the existence, we
will regularize the initial data and we will prove that the sequence of solutions so obtained is a Cauchy
sequence in LS (R; Ey,).

Proof of Theorem 5.1: Part A.

Proof:
Let T be an arbitrary strictly positive real number. The regularization of the initial data is very
classical, because

8kv07n(x) = E)k/

(& = Yo (y)dy = / (Bxn(x — ) v0l(y)dy
RQ

R2
= (OkXn) * vo.

which exists since x, is smooth and compactly supported. In fact, we can take as many derivatives as
we wish, and they are each bounded, so vy is in all C" spaces. We define

Vo,n = Xn * V0
where x,,(z) = (1 4+n)?x((1 +n)x) and integral 1. Thus, if we write,

lvo = vo,nll 2 = llo + (vo = ) = xn * (0 + (v0 = 0))[[ 12
= llo = xn * 0+ (v0 = ) = Xxn * (v0 — 0)|| .2 (5-8)

< |l(vo =) = xn * (o = )l 2 + o = xn 7l 12 -

the second term approaches zero. And the first term approaches zero because y,, is an approximation of
the identity and (vp — o) is in L?.

According to the definition of the space E,, (see Definition 1.3) and to Lemma 2.4, we have the fact
that the sequence (vo ), oy converges to vg in the space E,,.

According to Theorem 4.4, we have at our disposal a sequence (v, )nen of solutions of the incom-
pressible Euler system (E). According to Biot-Savart’s law, the sequence (v, )nen satisfies the following
estimates:

Vb = a, [lwn ()]l o = llwoll s »
[ ()l e < Cllvo = ol 2 1Y 4 lwo| oo -

Taking n and m large enough, we can assume that
[0 (0) = v (0) | 2 < e~ *(PAITI=L,

Hence, Lemma 5.1 ensures that, if n and m are large enough, then we have, for every ¢ less than or equal
to T
on(®) = vm ()l 2 < on(0) = v (O T

The completeness of C' (R; E,,,) follows from the completeness of L? and the fact that for any divergence-
free sequence (u,,) converging to u in L? divu,, — divu as a distribution, so div v = 0 as a distribution.

Hence, v, — v in C (R; E,,), and v satisfies the initial condition, v(0) = vo. Therefore, it, along with
its corresponding pressure, satisfy the Euler equations. Uniqueness of the velocity follows immediately
from Lemma 5.1, so the proof of the first part of Theorem 5.1 is now complete. -

5.2 On ordinary differential equations

The aim of this section is to prove the Lagrangian part of Yudovich’s theorem 5.1. First, we define
the space of logarithmic Lipschitzian (in short, log-Lipschitzian) vector fields.



Definition 5.1 The set of log-Lipschitzian vector fields on R?, denoted by LL is the set of bounded vector
fields v such that
d v(t,x) — v (¢, 2’
e 2 sup LDV
0<|z—a’|<1 |z — /| (1 —log |z — 2'|)

Theorem 5.2 Let v be a vector field belonging to the space L}, (R; LL) and L}, (R; L>) then there exists

loc
a unique mapping 1, continuous in R x R%, with values in R?, such that

t
vltia) =+ [ o(s,0s,2))ds.
0
Moreover, the flow ¥ is such that, for all t
W(t) — Id € ¢o®(=J5 v@)lzeds),
More precisely, we have
|z — y| < etmoUs Iv@llzeds) ot ) — ()| < |o — y|=P(- S0 0@ lrds) o (1exp = [ llv()l[rds)

Let us digress a little on the ordinary differential equations associated with non-Lipschitzian vector
fields. This will lead us very simply to the main theorem. Throughout this section, p will denote a
continuous, increasing function from R™ to itself, vanishing in 0, and strictly positive elsewhere.

Definition 5.2 Consider two metric spaces (X,d) and (Y,0). We will denote by C,(X,Y) the set of
bounded functions u from X to'Y such that there exists a constant C such that, for every x € X and
yeX

S(u(z), u(y)) < Culd(z,y))-
Remark 5.4 Remark If (Y,0) is a Banach space (denoted by (E, | -||) ), the space C,(X, E) is a Banach

space under the norm
[[u(z) — u(y)ll
l[ully = llullze + sup T e
(@yexxXary Hd(,9))
The following theorem describes the simple hypotheses which imply existence and uniqueness for the

integral curves of an ordinary differential equation.

Theorem 5.3 Let E be a Banach space, Q be an open set of E,I an open interval of R and (to,xo) an
element of I x Q. Consider a function F belonging to L, (I;C, (S E)). We assume, in addition, that

loc
1
dr
—— =+0 (5.9)
/0 p(r)
Then, there exists an interval J such that to € J C I and such that the equation
t
(ODE) z(t) = xo +/ F(s,z(s))ds
to

has a unique continuous solution defined on the interval J.

Remark 5.5 For the condition that F € L}, (I;C,,(S; E)), we note that

loc
F e I, (I, Cu(@ B)) = F(s, ) € Cu(% )
= F(s,"): Q= F
= F(s,z(s)) € E and z(s) € Q
= [|F (s, 2(s)) | = [[F'(s,2(s))l|
Also, I think that F € L}, (I;C,(Q; E)) means that

[ G s < o

where I' is any closed subinterval of I. Note that this implies that there exists a locally integrable func-
tion (t), which serves as the constant C in Definition 5.2. (The function v depends on the function
F(t,) €e Cu(X,Y), and so on the parameter t.)

10



Remark 5.6 As before, we defined p so that p € C(RT,RT), u increasing, p(0) =0, u(z) >0
for all x > 0 Thus, it is also true that

1
/ ﬂ<oo7 forallz >0
e H(r)

That is to say, the integrand has a singularity at zero only.

In order to prove this theorem, we start by establishing the uniqueness of trajectories. Let z1(t) and
x2(t) be two solutions of (ODE) defined on a neighbourhood .J of ¢y with the same initial data xo. Define

p(t) = [|z1(t) — z2(t)]]

We calculate,

/t F(s,21(5)) — F (s, a(s)) ds

p(t) = lle2(t) — wa(t)] = \

;
< [ I (ma(s) = F s, ma(e))p ds
- /t:dw (s,01(5)) . F (5,22(5))) ds < /t:ws)u<d<ml<s>,x2<s>>>ds
= [ ellans) @l as = [ ~(Ehutoleas.
Since F is in L1 (I;C,(Q, E)), we immediately deduce that
0<p(t) < /t:ws)u(p(s))ds with €Ll (I) and 730 (5.10)

The function v comes from Remark 5.5.

Lemma 5.3 Let p be a measurable, positive function, v a positive, locally integrable function and p a
continuous, increasing function. Assume that, for a positive real number a, the function p satisfies

t

o) <at [ A(s)nlols)ds (5.11)
to

If a is different from zero, then we have

—M(p(t))—l—/\/l(a)g/ ~v(s)ds  where ./\/l(x)z/ Md—r (5.12)

to

If a is zero and if p satisfies (5.9), then the function p is identically zero.

Proof: We first define .
Ro(t) = a+ / +(5)u(p(s))ds.

to

The function R, is continuous and increasing. Hence, we have in the sense of distributions,

Then

(5.13)

and the last inequality holds by assumption (5.11). We used the positivity of v as well as the increasing
nature of p.

11



Assume that a is strictly positive. Then the function R, is strictly positive. As the mapping M is
continuously differentiable on the set of strictly positive real numbers s, it follows from (5.13) that

d R, (t)

—— M (Ra(t)) =

p <~(t)

pu(Ra(t)) —
and integrating gives
t
M(Ra (t0) = M(Ral0) < [ 2(s)ds.
to
But R, (tg) = a, and —M is increasing, being the integral of a positive function in the forward direction,

SO

p(t) < Rq(t) = —M(p(t)) < =M (Ra(1)),
hence,

M(a) — M(p(t)) < M (R (t9)) — M (Ra(t)) < / 7(s)ds

to

which is Equation (5.12). Now let a = 0. Then, in fact, (5.11) holds for any a’ > 0
t
o) <a'+ [ A(hulp(s))ds.

to
Hence, the first part of the lemma applies, giving
t

M@) < [ (s)ds + Mp(0).

to

Assume, by way of contradiction, that p is not identically zero. Then there exists some t; such that
p (t1) > 0, hence

N Lodr h $)ds _
M= [ < [T yas e s =,

where C' is a constant. The critical point is that C' < oo, which follows, by Remark 5.6, from p (t1) > 0.
Letting ' — 0%, we conclude that
1
/ o
o u(r)

contradicting the assumption in Equation (5.9). This completes the proof of the lemma. -
Proof of Theorem 5.3

Proof:
Thanks to inequality (5.11), the uniqueness of the integral curves passing through a given point is an
immediate consequence of Lemma 5.3. Let us prove the existence. Consider the classical Picard scheme

Tp+1(t) = 2o —|—/ F (r,zk (1)) dr.

to

Next, we verity the fact that, for J sufficiently small, we remain in the domain of definition of the function
F and that the sequence (), is bounded in L>°(.J). We verify these two things. Now,

ka+1(t)*xo||E§/t ||F(T,xk-(7))\|d7§/t V() 2k ()l g) dr,

as long as x(7) remains in the domain of F(7,-) (i.e., in Q).
We then have,

frr(t) = 21 () — 2oll g < (/to ’Y(S)ds) p <T:E£t] wk(T);;)

Te[to,t]

=C(t)u ( sup ||$k(7)||E> )
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where .
() = / 7 (s)ds.
to
Where we used the fact that u is increasing to bring the supremum inside p. C(t) is continuous by the
continuity of the integral, and p is continuous by definition. Also, C(t) is nondecreasing. Hence, fiy1(t)
is continuous. Since € is open, there exists an r > 0 such that an r -neighborhood of xy remains in the
domain of definition of F. It will be our goal to show that for a suitable interval J, ||z (t) — z¢|| ; remains
less than r, for then x(t) will remain within the domain of definition of F, and ||z|| 5 will be bounded
by [|lzol| g + 7
Let
R=p(llzoll g+ 7).
Choose t1 > to so that C'(¢1) R < r, which is possible by the continuity of C(¢) and the fact that
C(lfo) =0. Let J = [to,tl].
Let the induction hypothesis be that fi(t) = ||zx(t) — 20|z < r for all ¢ € J. The function z;, which
is constant, certainly obeys the induction hypothesis, so assume that the hypothesis is satisfied for k.
Then for any t € J

TE[to,t]

frpa(t) < C(H)p ( sup ||in(T)||E> <CHR<C(t) R<,

where we used the fact that C(t) is increasing, and where we used the induction hypothesis to know that
SUP, ety l2k(T)|| < l|lzollz + 7 and so conclude that

u( sup ||xk<r>||E> <R

TE[to,t]

This completes the proof by induction and, as observed above, this shows that on the interval J, xj
remains within the domain of definition of F' and || is bounded by ||zo| 5z + 7.

Now, we are going to prove that the sequence so defined is a Cauchy sequence in the space of continuous
functions from the interval J into E. To do so, we define

Prr1n(t) = [|[Zrs14n(t) — zera ()]

It follows that .
0< pryanlt) < / ()t (Pin(7)) di.

to

Defining pi(t) = sup,, [|Tk+14n(t) — zk41(t)]|, as p is increasing, we deduce that

0< proa(t) < / () (pr(r)) di.

to
Since p is increasing and by Fatou’s lemma, we obtain from the inequality above that

At % Tim suppi(t) < / () () dr.

k—s+o0 to
Applying Lemma 5.3 again, we find that p(¢) vanishes in a neighbourhood of ¢y so the proof of Theorem
5.3 is complete. -
Proof of Theorem 5.2
Proof:

We define the flow, ¢, from the integral curves. An integral curve, a(t), is a curve, a : I — R? for
some interval I that satisfies

da
o = u(tat)
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for all ¢ € I. Given an initial value, this is written equivalently as

a(t) :oz(())—|—/0 o(s, a(s))ds.

We can then define ¥ (¢, x) = a(t) under the assumption that a(0) = x.

From Theorem 5.3, there exists a unique flow ¥. The continuity of ¢ follows from the continuity of
a and the bound on ||z1(t) — z2(t)|| = || (¢, 21) — ¢ (¢, 22)|| as follow. An important point is that the
integral curves «, and hence the flow 1 have all of R as their domain. This would follow from the extra
condition we imposed in the statement of Theorem 5.2. Thus the integral, above, defining «(t) is valid

for all t € R, since
t ¢
’ / v(s,a(s))ds|| < / [lv(s, )| peds < o0.
0 0

It is now sufficient to study the regularity in the variable x of the flow ¢). To do this, consider two

integral curves of v, denoted 1 (t) and x2(t), starting respectively from two distinct points x; and xs
such that
||1171 — $2H < 1.

The following inequalities are true only if

e (t) — 22 (8] < 1.

It follows that
|z1(t) = 22(t)]| < [lz1 — 22| +/0 v (7,21(7)) — v (7, 22(7)) || dT
<z — 22| +/0 [v(Mllee x p(llzi(r) — 22(7)|) dr

For the first part of the inequality comes from subtracting the expression for two integral curves coming
from the expression for the flow in Theorem 5.2. That is, x;(¢) is the value of the curve generated by
starting at the point x;(0) = x; and flowing for time ¢. As for the second part of the inequality, we

v (7, 21(7)) = v (7, 22(7))|
_ [v (T, 21(7)) — v (7, 22(7))|
[1(7) — 22(7)[| (1 = log [[z1(7) — 22(7)])
[21(7) = z2(7)[| (1 = log [|lz1(7) — z2(7)]])
< sup HU(’T, SC)) —v (T, l'/) H ) ,LL(||I1(T) o 932(7’)”)

0<fe—arj<t [[& = 2’| (1 —log [|lz — 2’[])

= llo(M)llze x p(llzi(r) = 2z2(7)])

observe that

X

IN

where
w(r) =r(1 —logr).
Observe that lim, o4 p(r) = 0, p is increasing, and
1
dr ) 1
|5 = Jim = o1 ~ (o)) = o

so the required conditions on u, are satisfied.
Let us apply Lemma 5.3 with p(t) = [|z1(t) — z2(t)|,a = ||x1 — x2|| and v(¢) = ||v(¢)||Lr. We infer
that

t
—log (1 —log [|z1(¢) — z2(t)[|) +log (1 —log [lz1 — z2]) < / lo(T)||Ldr
0
Taking a double exponential, as in the previous section, it follows that

1 (6) = o (O] < [l — (i PMerds) glexol= fo o (lusde)
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as long as ||x1(t) — z2(¢)|| < 1. Up to now, we have completed the ”more precisely” part of the Theorem.
For the rest part, let r = exp ( fo lv(s ||LLdS> .Then 0 < r < 1, so

or = |¥(t) — 1d|| o + sup { (t, @) — 7/)(@ Ol } .

a7y l =yl

1(¥(t) — 1d) ()]

But
[4(t) = 1d[ e = sup [[¢(x,t) —p(z,0)]]

z€R4

sup

u /0 v(s, (s, x))ds

/ u(s, ds

We need this last expression to be finite, which follow from the extra assumption that we introduced in
the statement of Theorem 5.2.

Also,
t
oy {0 (1o ([ )=

Thus, ||(¢(t) — Id )(z)||cr is finite, so ¥ (t)— Id € C7,, we complete the proof of Theorem 5.2. -

Proof of the Theorem 5.1: Part B

Proof: In Part A we have obtained the existence and uniqueness solution. From Theorem 5.2, we get
the flow

U(t,x) == +/0 v(s, (s, x))ds

and some Holder estimate. What remains to show is that the vector fields are in L}, (R; LL) and that,
specifically,

[v(s)llzr < C llwoll oo e

so that we have membership in the Holder space claimed in the statement of Theorem 5.1 (Yudovich’s
theorem).
From the Biot-Savart lawwhich requires that a be strictly less than 2we have

1= Jo(t,2) — v (t,2")
1 )t @ -yt
/ [|:c—y|2 \x’—y|2 ] @

5oV (1) + (1),

12—/|Wty

and where [; is defined similarly.
The technique we use to bound Iy will clearly apply equally well to I, so we will deal only with Is.
Let a = |x — 2’| /2, and let R be some fixed real number much greater than 1. Then we can split Io
into three integrals:

\ /\

where )
o=yt @) 9

-yl -y

dy,

L=J+K+1L,

where

J = /B lw(t, )| f(y)dy, K := |w(t, y)f (y)dy,

Br\B1oa

and

L= / o, [Ny
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with )
al -yt (@) =y

P

fly) =

We bound J, K, and L differently. First, because 1/|y| is locally integrable and increases linearly with
the radius of the ball we integrate over, we have

TN GO
10a

<ol [ Wly<opo, [ La

- L% Jpooa WI? 7 7 5% JBoga Y]

< 807 [ o,

where we use the equality ||w(t)||L~ = ||w0||LW which as in [3] equation (3) p. 1775, by the maximum
principle. (If we knew we had a flow, it would follow by that; but we are trying to establish the existence
of such a flow.)

To bound K, place the origin halfway between z and ', with 2’ placed at (a,0) and = at (—a,0).

Then ) 2
(x/) _ylza_TCOSG, ‘(ﬂl—y| :a2+r2_2CLTCOSG

a2l —yl = —a—rcosh, |z—y|?=a+1r%+2arcosd

since 10a >> a, we can approximate the integrand, f, in K by observing that both denominators are
dominated by the 72 term, so

—a —rcosf a—rcosf
= 9 = -
f(y) f(r7 ) a2 + 12 + 2arcosf a? + 12 — 2arcos@
. |—a—rcosf a—rcosf| 2a
= r2 — T2 —7‘72.

Then, to within some order of accuracy (this should be refined, obviously),

R
K§27r||w0||Loo/ Q—ardrzélﬂ'”w
10

2 allog R — log(10a)]

0
Iz
=4 ||wOHLOQ a(C —loga).
As for L, we have, again to within some order of accuracy,

1

L <lw®)llze@2\Bo) I flloe@\Br) < 2al|w ()| Lrr2) 2

La(R2\BR) ’

where 1/p+1/q = 1. The only restriction on ¢ is that it be strictly greater than 1, meaning that we can
choose any 1 < p < oo, giving

L < Caw(t)||r = C'alw’]],, .

where the constant C” depends only upon our choice of p. We used the observation as before, which it is
important to note does not depend upon the existence of a flow. From our bounds on J, K, and L, we

have
I <807 ||w

:CHw

a+dr |||, a(C ~loga) + C' [[«°] 1, @
a(C"—loga).

"Mz

0
| s
With the identical bound on I;, we can write

1
IS % (11)2+(I2)2 SOHLUOHLOCQLPCL(C/—lOga).
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Putting this all together, we have
vt z) — v (t,2)]
|z — /| |1 — log (x — /)|
I Oy a (€~ loga)
2a|l —log(2a)| — 2a|l — log(2a)|

C ||| ¢ —loga
“ ll=nzr [T log(2a)]
C' —log (|l — 2| /2)

:CHW HLoomLp 11— log (Jz — 2]

The supremum over all 0 < |z —2'| <1is

Cllell o

(with a new choice of C'), which gives the norm

lo@®lze = Cllw’|| penr s

with p in place of a. -

5.3 An example

The aim of this section is to present a solution of the incompressible Euler system, which shows that
the Yudovich theorem is optimal.
We are going to construct a solution satisfying the following properties:

e the vorticity w of the vector field v solution is, at all time ¢, bounded, and equal to zero outside a
compact set;

e at all time ¢, the flow 1(t) of v does not belong to the Holder class C*P(~*

We will start by constructing the initial data. Let wy be the function defined on the plane R2, equal
to zero outside [—1,1] x [—1, 1], odd with respect to both variables x; and x2, and whose value is 27 on
[0,1] x [0, 1]. Let us consider the vector field vy defined by

T2 — ’Uzw d
) (x17x2)_{ Qﬂf‘x vl 0 y

27 f fxl 33112 u.)o dy
We are going to prove the following theorem.

Theorem 5.4 Let v be the solution of the Euler equation associated with the initial data vy defined above.
At the time t, the flow ¥ (t) of the vector field v belongs to no C*, for any a > exp —t.

We are now going to spend some time studying the vector field vy. This vector field is of course not
Lipschitzian. The example constructed in section 3.2, the properties of which are described in Proposition
3.2 shows that the size of some of the partial derivatives of v is equivalent to the logarithm of the distance
to the corner of the square.

Here, the vector field vy has certain symmetries. This is going to enable us to describe it more
explicitly. Indeed, the vector field vg is symmetric with respect to the two coordinate axes. As a result,
that vector field is tangential to those two axes and therefore vanishes at the origin. We are going to
prove the following proposition.

Proposition 5.1 There exists a constant C' such that for all x1 in [0, C], we have

vé (21,0) > —2x; log x;.
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Proof: Let &g (z1) = 2H (x1) — 1(H is the Heaviside function), we get

o0 = 5 [ )

2
:/ dy1wo (y1)/ %dyz
-1 o (1 —wy1)" +u3

= /1 dy1o [bg((?fl - yl)2 +1) = log((z1 — 91)2)} .

-1

An immediate computation leads to

vy (21,0) = g (21,0) + 05 (21,0)  with

1 1
56 (z1,0) = —/ log (z1 — yl)2 dy —|—/ log (z1 + yl)2 dy; and
0

Voo (o — )’
17133,0:/10 707
0(1 ) o g1+(x1+y1) Yi-

It is obvious that the function z; — ﬁé (21,0) is an odd, infinitely differentiable function. Furthermore,
an elementary integral evaluation guarantees that we have, for 0 < z; <1

0 (21,0) = —4zylogzy +2 (1 +21)log (1 4+21) —2(1 — 1) log (1 — 21).
Therefore, when 0 < z1 < 1, we have
v(l) (21,0) = —4zilogzy + f (21),

where f is
f(z1)=2(1+z1)log(1+x1) —2(1 —z1)log (1 — 1)

1 2
14+ (21 —
+/ log—( ! y1>2dy1
0 1+ (z1 +y1)

which we see by inspection is, in fact, odd. since f is smooth (infinitely differentiable) in a neighborhood
of 0, it’s derivative is bounded there, so |f (z1)] < C'|z1| + f(0) = C |z1| in that neighborhood (f(0) =
0 because f is odd). But the function —4x; log z1 has an infinite derivative at 21 = 0 so it increases faster
than any linear function. Therefore, we can absorb the C|z| into —4x; log x1, reducing the constant 4 by
any amount we wish. This ensures the conclusion of the proposition. -

Proof of Theorem 5.4

Proof: Let us now return to the Euler equation, and its solution v, corresponding to the initial
data vg. According to Yudovich’s theorem, the flow of the vector field v is a continuous function of the
variable (t,x). Moreover, we know that at all time, the vector field v is symmetric with respect to the
two coordinate axes. Therefore both these axes are globally invariant under the flow. The origin, which
is their intersection point, is therefore stable under the flow 1 of the vector field v. Hence we have, for
all ¢

Y(t,0) =0, P (t,0,25) =0 and ?(t,21,0) =0 (5.14)
Let T be an arbitrary, strictly positive real number. The vorticity is preserved along the flow lines. The
identity (5.14) above implies therefore the existence of a neighbourhood W of the origin such that we
have, for all ¢ € [0, T

w(t)w = wojw-

First, equation (5.14) ensures that the flow lines don’t cross quadrants, so that the vorticity maintains it
values of £27 or zero in each quadrant. Second, since ¥(t) is a diffeomorphism that fixes the origin, it
maps any open neighborhood A of the origin to another open neighborhood A(t) of the origin. These two
facts together would seem to suggest that as long as we choose A so that it is contained in the support
of wo— the square [—1,1] x [-1, 1]— that

M A0

te(0,7)
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t € [0,T] would suffice for the neighborhood.

The problem is, it is not obvious that W remains open. Fortunately, it turns out that all we need it
the existence of a T' > 0 such that such a W exists, and to obtain this we can use the boundedness of
the velocity over any finite time to insure that for small enough 7" the flow lines cannot carry any of the
zero vorticity outside the square [—1,1] x [—1, 1] to within a fixed finite distance of the origin, which will
ensure that W is open.

Another possible approach is to let r : [0,7] — R™ be the distance from the origin to the image of
the boundary of the square [—1,1] x [—1,1] under (¢). Because v is continuous in time and space, r
is continuous and so achieves its infimum on [0,7]. This infimum then cannot be zero, since 1 (t) is a
diffeomorphism fixing the origin. But the origin is an internal point of the square and so its image (again
the origin) must be an internal point of the image of the square; hence, r(t) > 0 for all time ¢. This allows
us to choose W to be the ball centered at the origin with a radius equal to inf,co ) 7(%).

The divergence-free vector field 9(t) = v(t) — vg is symmetric with respect to the two coordinate axes.
Its vorticity is identically zero on W. Therefore there exists a constant A such that for all ¢ € [0,T7], we
have

[v(t, z) — vo(x)] < Alz|.

In fact, since v(t) — vg is divergence-free we can apply the Biot-Savart law in the form v(t) —vo = K % w
where K is the Biot-Savart kernel and w = w (v(t) — vg) . Since w is zero in the neighborhood W of the
origin, it follows that the partial derivatives of v(t) — vg exist and are continuous (in fact, v(t) — vg is
smooth) in W, since

Ok (v(t) — vg) (z) = (O K) *xw(x)

and the singularity in the convolution is avoided as long as z is in W, because w is zero near where the
singularity of dx K occurs. Thus D (v(t) — vg) is bounded on W (or rather, on a smaller neighborhood
than W which we relabel as W ). Using the fact that v(¢,0) = v9(0) = 0, and arguing as we did earlier,
it follows that |v(t,x) — vo(x)| < A|z|— though only on W which is all we actually need.
From Proposition 5.1 we get the existence of a constant C’ such that, for any couple of real numbers
(t,z1) € [0,T] x [0,C"], we have
vl (t,21,0) > —x;1 log xy.

Since 1! (¢,0) = 0 and v continuous, let x; € [0, 1) such that, for all ¢ € [0, 7], we have
Yt (t,x1,0) € [0,C7].
It follows from the estimate above that
Y (t,21(0),0) > 21 (t)  with  @(t) = —21(t) log @ ()

That is, choose a value of z; and consider (x1,0) to be the initial position (x1(0),0) of a point at time
zero, and let (z1(t),0) be the position of the point at time ¢t moving under the flow. Then v! (¢, z1,0) >
—x1 log 1 means that the point moves at least as far as what would result if it moved horizontally to
the right (or the left if 21 > 1) at a speed given by —x; logz; for all ¢ in [0,7]. That is, the position at
time t, (wl (t,z1,0), 0) is at least as far to the right as the solution to

£1(t) = —21(t) log z1(1).
Integrating @1 (t) = —x1(t) log z1 () gives
loglog 1 (t) — loglog z1(0) = —t = log z1(t) = Inx1(0)e™*
=z1(t) = exp (Inz1(0)e ") = 21(0)PY),

So it follows that
Yl (t,21,0) > 2P,
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Since 1(¢,0) = 0, let f : R? — R? be given by f = 1(t)— Id. To complete the proof of Theorem 5.4, we
must show that f is not in C® for any o > e~*. To see this, observe that for 2; > 0

|f (t7.7;1,0) - f(t7070)| |(¢ (t,xl,O) - (-751,0)) - (¢(t>070) - (070))‘

‘(I170)_(070)|a B x(ll
e e,0) = (@,0)] 270 —ay
r B ry
_ x(lzxp(—t)—a . x%fa
which is unbounded when a > exp(—t), since then a:‘ixp(_t)_a approaches infinity as x; approaches zero.
Then Theorem 5.4 is proved. -

5.4 The vortex patch problem

The vortex patch problem is as follows: let us suppose that the vorticity is, initially, the characteristic
function of an open bounded set Dy, with a boundary of Holder class C*¢, where k is a strictly positive
integer and € is a real number in the interval (0, 1). According to Theorem 5.1, there exists a unique vector
field, a solution of the Euler equations on R x R?, whose vorticity belongs to L™ (R3) . Such a vector field
has a flow ¢ with exponentially decreasing regularity in time, that is to say 1 (¢) is a homeomorphism
of Hélder class CP(—) - According to the identity (1.12) which states the preservation of the vorticity
along the flow lines, the vorticity at time ¢ is thus the characteristic function of an open bounded set Dy,
whose topology is unchanged. On the other hand, the boundary of that open set is now a priori only of
class C*P(=2%) Qo two very natural questions arise: does the boundary of that open set remain smooth
during a small time interval? If so, what happens for large time intervals?

Remark 5.7 Any vector function v with dive = 0 will be called a flow. If v,|r = 0 (the outward normal
component of v on T') in addition, it will be called a tangential flow.

In the case when the vorticity is initially the characteristic function of the interior of a closed curve
of the plane, simple and of class C'T¢, one can be tempted to use the following approach. Let vy be an
embedding of the circle St of class C1*¢ whose range is the boundary of the open set D;. The solution
vector field is then completely known when the boundary of the open set is known. Let us then look for
a parametrization of that boundary by the function v defined by by

atf}/(tas) - U(taﬁy(tv 5)) (515)

But according to Biot-Savart’s law, the solution vector field is defined by

o(t) = VEF(H)  with mm:%ﬁbmwwy

If we assume that y(t,-) is an embedding of class C''*€ of the circle, it follows, from Green’s formula, that

1 27‘(‘
v(t,z) = %/0 log |z — ~(t,0)|0,7(t, 0)do.

In fact, let F; : R? — R% i = 1,2, where Fi(z) = (0,log|z|) and Fy(z) = (—log|z|,0). From the
divergence theorem,

/Dt div Fi(z — y)dy = / Fi(z —y) - -ndo(y)

aD,

where n is a unit normal vector to the boundary. But,
(div Fy (z — ), div Fa(z — y)) = V*log |z — y),
while

(Fi(z —y) - n,Fa(z —y)-n) =log |z —y|r,
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where 7, a unit tangent vector, is n rotated 90 degrees counter-clockwise, so
vt / log |z — y|dy = / log |z — y|rdo(y).
Dy 0Dy

(We also used the fact that Vi log|z —y| = V;- log |z — y|) Applying this to to unit-speed parameteri-
zation of the boundary gives the above equation.
According to (5.15), we have to solve, in the set of embeddings of class C1T¢ the following equation:

1 2
01(t.5) = 5= [ logr(t,5) = 2(t.0)/0, (t,0)do (5.16)
0

In section 5.5, we will prove a theorem which will in particular lead to the following theorem.

Theorem 5.5 Let e be a real number in the interval (0,1) and let vy be a function in the space C1+¢ (Sl; ]R2) ,
one to one, and whose derivative does not vanish. Then there exists a unique solution y(t, s) to equation

(5.15) belonging to L§S (]R; Clte (Sl;RQ)) and which is, for all time, an embedding of the circle.

loc
In order to understand this problem, we give some explanations. The Euler equations (without forcing)
in velocity form can be written,

ou+ (u-Vu+Vp=0
divu =0

where u is the velocity field and p is the pressure. The operator u - V = u’0;, where we follow the usual
convention that repeated indices are summed over. These equations model the flow of an incompressible
inviscid fluid.
By introducing the 2D vorticity,
w = u® — du',

we obtain the vorticity formulation,

{8tw+u~Vw0

u=K=x*xw

Here,
1zt

_ L L_
S TE, =

K(z)

is the Biot-Savart kernel, which can also be written

_$27x1)

1
K=V'F, Flz)=g-logla|, V& :=(-02,0)
™

F being the fundamental solution to the Laplacian.
Let n(t,z) be the flow map associated to the velocity field w, so that

31:7](75’1‘) = U(tﬂ?(t,ﬂ?))a 77(0733) =T

Then vorticity formulation tells us that the vorticity is transported by the flow map, so that

w(t, ) = wo (nil(tvx)) (5.17)

is the vorticity of the solution to the Euler equations at time ¢, where wy is the initial vorticity.

All this presupposes that sufficiently regular solutions exist and are unique. In fact, it all can be made
sense of for initial vorticity in L' N L, in which case the vorticity remains in L' N L, as first shown by
Yudovich. One must, however, use a weak formulation continue to hold.

If the vorticity is initially the characteristic function of a bounded domain, it will remain so for all
time as the Euler solution evolves, since 7(t, ) is a diffeomorphism. A (classical) vortex patch is such a
bounded domain. So if

wo = 19, (5.18)
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where 2 is a bounded domain, then
w(t) =1q,, QU :=n(t,Q)

The bounded domain, €2, is the vortex patch at time ¢. The regularity of the boundary of 2 will be
specified using a parameter, e. Throughout this paper we fix ¢ € (0,1). We can now state the result of
more precisely.

Theorem 5.6 Let Q) be a bounded domain whose boundary is the image of a simple closed curve vy €
Oite (Sl) and let wy be as in (5.20). There exists a unique solution u to the 2D Euler equations, with

Vu(t) € L™ (R?), ~(t,-) =n(t,y(-) € C'T(S") forallt€R.

5.5 Proof of the persistence

In what follows, we denote by € an arbitrary real number in the interval (0,1) and by 3 an arbitrary
closed set of the plane (eventually empty).

Definition 5.3 Let X = (X)) c be a family of vector fields such that both they and their divergences
are of class C¢. Such a family is said to be admissible outside X if and only if we have

I(¥,X) = inf sup | Xx(z)| >0
¢ AeA

We now define the concept of tangential regularity with respect to such a family of vector fields.

Definition 5.4 Let X be a regular family of vector fields such that both they and their divergences are of
class C¢ and which is admissible outside . We denote by C°(X, X) the set of distributions u belonging
to L*° such that, for all A, we have

Xa(z, D)u 2 div (uXy) — udiv Xy € 0!

We are going to state a general theorem of persistence of the geometrical structures for the incom-
pressible Euler system. This theorem will of course contain the global existence result for the traditional
vortex patch problem. As suggested by Theorem 3.3.2, the important concept is the tangential regularity
with respect to a set X of vector fields of class C¢, admissible outside ¥. Here, unlike in Chapter 9, the
set ¥ will always be empty (we will then say that the set is admissible). For the rest of this chapter we
settle on the following notation:

I(X) = inf sup |[Xx(z)] (>0),

TER? \eA
1[I X A+ [[div X ]
N (X) = —sup = £,
K=
| X (2, D)ull._4
ulle x = N(X)||u|| o + sup ————F——.
Julex = Ne(X) s + sup ===7cn

We can now state the main theorem of this section.

Theorem 5.7 Let € be a real number in the interval (0,1), a be a real number, greater than 1, and
Xo = (XOJ\)AeA be an admissible set of class C¢ on the plane. Let us consider a vector field vy on R?
belonging to C}, whose gradient is in L®. If wy belongs to C¢ (Xy), then there exists a unique solution v
of (E) such that

ve L. (R Lip) and Vove L

Moreover, if 1 is the flow of v, then for all X
Xo(z, D)y € Lig, (R; C°).

Finally, if X x = ¢(t)* Xox == (Xoa(z, D)(t)) (W1t x)), then the set X; = (X¢x)ycp is admissible
and we have

Ne(Xi) € Lige(R) - and  w(t)]le,x, € Li.(R)
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Proof: The approach we will follow is the same as the one inspiring the proof of Theorem 5.1. Let us
regularize the initial data. We set

Vo = Spvo  and  wo.n = Spwo

Theorem 4.2.3, on the global existence of smooth solutions, states the existence of a global solution v,
of the system (FE). The important point of this proof consists in proving an a priori estimate on the
Lipschitz norm of a smooth solution of the system (E), and then in taking the limit. -

Before proving this theorem, let us make sure that it leads to Theorem 5.4 .1 Let fy be a function of
class C11¢€ such that, in a neighbourhood of the curve 7y that curve is the set of zeros of fy. The gradient
of the function fy is supposed never to vanish on ~y. Now let o be a real-valued function, identically
equal to 1 near the curve 7, and supported in a neighbourhood of vy where the gradient of fy does not
vanish. We then define the following three vector fields:

X070 = vao, X(),l = (1 — a)@l and X072 = (1 - 04)82

It is trivial to check that the set of vector fields defined above is an admissible set of class C¢ since wy is
the characteristic function of the interior domain of the curve 7 it is clear that X ;(x, D)wy = 0. The
hypotheses of Theorem 5.5 .1 are therefore satisfied.

Let og be a point on the circle and xg a point on the curve ~yy. Let us consider the following ordinary
differential equation:

{ 9s70(0) = Xo,0 (Fo(0))
Yo (00) = 2o

The function 7 is an embedding of the circle of class C**¢. Let 4(t) be the function defined by 7(t, o) =
¥ (t,50(0)) . According to the persistence theorem 5.5 .1 we know that

X0,0 (JZ, D)’Lﬁ S L?Sc (R; CE)
Differentiating the identity defining 7, we find

acr&(ta U) = (XO,O(xv D)w) (tv ﬁO (U))

oo

Therefore 0,7 belongs to LS, (R; C€) . The fact that it is an embedding of the circle results immediately
from the fact that ¢ is Lipschitzian. Hence Theorem 5.4 .1 is proved.

Theorem 5.8 There exists a constant C' satisfying the following property. Let e € (0,1) be a real number,
let a > 1 be a real number, and let Xog = (Xg,,\)AeA be an admissible set of class C¢ on the plane. Let us
consider o vector field v solution of the Euler system, and belonging to the space L3S, (R; Cp°). Then, at
all time t, we have

- Ct o
I90(t)= < N (Xo, €, w0) exp (“’”) with

N ¢ [[woll
N (Xo,€;0) = Ca ol o + = o]l log (X)

[lwoll oo
Proof: Let us assume this lemma to be true for the time being. From the definition of || - || x, it
follows that .
w(t)|le.x wol €, Xo C
|| ( )”6, L < C” 0” exp </ ||V’U(T)||L<>Cd7—
lw (@) o [[woll Lo € Jo

Let us now apply "Theorem 3.3.2. since the vector field v is divergence-free, we can state that

lwoll x,

llwoll Lo

x exp (C / t ||Vv<7>||Lde))

c
IVo@)llz= < Callwol o + — llwoll . log(e +
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since the quotient
lwolle, x,

llwoll

uwone,xo)

is greater than 1, we can write ||Vo(t)||~ < Ca|lwol o + < [|woll o log ( Twoll oo

C t
szl [ 190 1oedr
Then Gronwall’s lemma leads to Theorem 5.5.2. -

Lemma 5.4 There exists a constant C such that

¢
I(X;)>1I(Xo)exp <—/ |V'U(’T)Lood7') (5.19)
0
C t
oo DWt0)l., < € [Xose, Dyl e (< [ 190t (5.20
0
¢
[|div X A |, < [|div Xo,a][, exp (C/ ||VU(T)|LoodT> (5.21)
0

| €1 Xox(z, D)ol ¢ [
Xl < € (1Kol + v Xoal, + S5 5220 s oxp ([ 19u(r)ur ) (522
Lee 0

Proof: If we differentiate the equation defining the flow along the vector field Xg », it follows that

{ i Xo(z, D)(t, x) = Vo(t, ¥(t, ) Xo(x, D)b(t, )
Xox(x,D)(0,z) = Xoa(2)

Integrating the equation above between t and 0 yields
t
Xoa(@)] < | Xoa(z, DY(t, z)] exp ( / W(T)|Lood7) .
0

As a result, for all x in the plane,
¢
sup | Xo,a(z)| < sup | Xoa(z, D)Y(t, x)| exp (/ ||VU(T)||LoodT> .
AEA AEA 0

Since X\ (z) = (Xo,a(z, D)¥(t)) (v~'(t,z)) , Definition 3.3 .1 for I(X) ensures the inequality (5.18) The
relation ( 5.22 ) can be written as

atXt,)\ +v- VXt7)\ = Xt’)\(l', D)U

This relation means that the two vector fields 0; + v - V and X; » commute. Owing to the preservation
of the vorticity along the flow lines of v, we find that

X a(z, D)w(t) +v- VX x(z,D)w(t) =0
The estimate of the propagation of the H?lderian norm proved in Lemma 4.1.1 yields
C t
Xt D))y < € Xt Dl yexp (S [ 1900 i)
0
which is nothing more than inequality (5.19). Applying the divergence operator to equation ( 5.23 )

yields
Oy div Xy n+v-VdivX, =Xy a(z,D)dive
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since the vector field v is a solution of the Euler equation, its divergence is zero. Therefore the divergence
of the vector fields X; ) is preserved along the flow lines, that is

8,5 div Xt,)\ +v-Vdiv Xt,A =0

Inequality (5.20) follows immediately from Lemma 4.1.1. To prove estimate (5.21), slightly more delicate,
we will use the transport equation ( 5.23 ) of X; and Lemma 3.3.2. By means of this lemma, we can state
that we have, with the same notation,

815Xt$)\ +v- VXt’)\ =W (Xt’)\,’(}(t)) + Wao (Xt,)\,’l)(t)) =+ A(t)Xt’,\

where A(t) is a continuous operator mapping C* to itself such that
C
A2y = Vo)l

From the propagation estimate of Lemma 4.1.1, as well as the upper bounds of W; and W5 stated in
Lemma 3.3 .2 and the inequalities (5.19) and (5.20), we infer the existence of a constant C such that

[Xealle < 1 Xoall e Jo VP Olz0dr
+(C IXo(w, Dywoll._y + < ldiv Xoll,_y ) Jy e* 717 e

It is clear that one can find an upper bound for the last term of the inequality above:

Ct (||Xo(x,D)w0||€1 + [|div Xo |, w0||Loo> o2 S IVl nocdr
€

If we observe that
[woll oo = llw(®)llLee < 2|V (t)]| L

we can assert that
t< ¢ el IVun)pedr
C lwoll 1o

We then infer immediately that
Ce|[Xo(2, D)woll_y

ool oo

HXt)\”e < <|X07>\||6 +C ||divX07>\||€ + > ee JENVo(T)|lLeodr

which is exactly the inequality (5.21) we wanted. Lemma 5.5 .1 and hence Theorem 5.5 .2 are proved.

We now have to take the limit. This will be very easy, considering the estimates proved above. Let
us consider the sequence of regularized initial data, defined by equation (5.16) at the beginning of this
section. According to Theorem 5.5.2, which we have just proved, we can write

- Ct ||lwo,nl o
V00 (8) | e < CN (Xo, €w0.0) €D (@L

remembering that
- C HwOmH X
N (XOa G»Wo,n) = C (HWO,nHLoo +a ||W0,nHLa) + — HWO,nHLoo IOg e
€ HwO,n”Loo
Inequality (3.22) states that

C

1Snwlle,x < 7= Ne(X)[wllzee + [lwlle.x)

Then the fact that [|wo .|« < Cllwoll e and [lwonll;. < Cllwoll o leads to

~ Ct ||lwol| 7o
||an(t)||Loo < CN (X()vea u.)o) exXp <|620||L>
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Let us prove that (v,,), oy is @ Cauchy sequence in the space Lfs, (R; C~%), for all a in the interval (0,1).
Indeed we have

Oy (Un_'l)m)“!‘vn'v(vn_vm) :W(Un_vmvvn—’—vm)—'_(vm_vn)'vvm

If we split the term (v, — v,) - Vo, into a paraproduct and a remainder, and then if we use Theorem
2.4 .1 which describes the action of the paraproduct and the remainder in H7Ider spaces, we find that

[ (v — Vi) - vvafa < Cae vam(t)HLoo l|vn — UmH,a

Proposition 2.5.1 states that

7 (vn = Vm, v + Um)l|_y < Cae (HUn(t)”Lip + va(t)HLip) [vn = vmll_q
Let us define
V(t) = CN (Xo, €,wp) exp (%)
If we apply the propagation estimate of Lemma 4.1.1; it follows that
t
160 = ) Ol < e = il 050 (G [ ViIr)
By interpolation we infer that the sequence (v,)

of L2 (R;CT)
The important point consists now in proving that the solution v of the Euler system constructed in

nen 18, for any r strictly smaller than 1, a Cauchy sequence

this way satisfies the tangential regularity properties with respect to an admissible set of vector fields to
be defined.

The first step consists in the proof of an easy property of stability of the flow, in the setting of the
vector fields introduced in section 5.2.

Lemma 5.5 Let (Fy,), oy be a bounded sequence in L' ([0,T]; C,,), where p satisfies the assumptions of
Theorem 5.5. Furthermore, suppose that

lim F,=F in L'([0,T];L>).

n—r oo

Let (¥n),cn be the sequence of solutions of

Up(t,z) = +/0 F, (s,¢%,(s,2))ds

Then (), ey is @ Cauchy sequence in 1d + L ([0,T] x R R?) and its limit ¢ is a solution of

t
vltia) =o+ [ Fls.u(s.)ds
0
Moreover, if the sequence (Fy), v is bounded in the space L'([0,T]; Lip ) (resp. L*([0,T]; LL)) , then
Ve >0, lim v, =¢ in L>®([0,T];1d+C"'"°)
n—oo
(resp. in L™ ([O,T]; 1d +ceP (=<t ““(T)”LL‘”)>

and the result remains true for (wgl)neN and 1.

The proof of this lemma uses the same ingredients as that of Theorem 5.2.2. We have
t
s (t.2) = 0t ) < [ IFass(s) = Falo)l
to

4 / (o (5,m (5, 2)) — Fo (5, (s, )] ds

t
< | Fngn(s) = Fn(s)ll L ds

to

[ 00000ea(s) = 06l ) a9, s

to
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Then let us define
pn(t) = sup [[Pngk(T) = Yn(7)| L

0<r<t
k>0

In a rigorously similar way as in the proof of Theorem 5.2.2, we find that

pu(®) <t [ (a1, s

with

t
ay = sup/ | Frsr(s) = Fu(s)] oo ds
£>0.Jo

From inequality (5.9) we get

~M(pa(0) + Ma) € [ 1B (5, ds

By assumption, the right-hand side of the inequality above is bounded by a constant C, independent of
n. Thus
M (an) < C+ M (pa(t))

But the sequence (a,),cy goes to 0, and thus the sequence (M (an)), oy goes to infinity, as does the
sequence (M (pn(t))),cy- From the definition of M, this leads to the fact that the sequence (pn(t)),,cn
goes to 0. Therefore we have

lim ¢, =¢ in Id+L* ([0,7] x R4 RY)

n— oo

The proof of the lemma ends with an obvious interpolation. Let us now prove the first part of Theorem
5.5 .1 , namely that we have for all A

Xoalz, D)y € LS. (R; C°)

loc
We know that
Xoa(z, D)y, = Xox(z, D) (Yn, —1d)
=305 (X§(2) (Y — 1)) = (g — 1) div Xo,x + Xo,x
J

According to the stability lemma 5.5 .2 above, and since C* is a normed algebra, the sequence (Xo x(x, D)y, )
converges to Xo x(z, D)y in the space LS, (R; C’e_l) But the inequality (5.21) of Lemma 5.5.1, together

neN

loc

with the fact that the sequence (v,,),,cyy is bounded in Lfs, (R; Lip), ensures that for all r strictly smaller
than €

lim Xoa(z, D)n = Xoa(z, D) in L (R;C")

n— o0

It follows that
Xox(z,D)y € Li;, (R; C¢)

loc

which is the first part of Theorem 5.5 .1 To prove the whole theorem, it is necessary now to prove that the
initial smoothness is propagated. The first thing to be done is to define, for each time ¢ of the evolution,
an admissible set of vector fields. Let us define, for all A

Xt,)\(x) = (XO,A(-Tv D)'L/}) (t>¢_1(ta x))

It follows from the definition of the vector fields X, ; » and X ) that

Xina(x) = Xen(@) = (Xox(z, D)) (6,0, (t, @) — (Xoa(z, D)oy) (t, 071 (t, x))
+ (X07>\(x, D)¢n — X07)\($, D)’(ﬂ) (t, ’(ﬂ_l(t, Z‘))

Therefore
1 Xenn — Xeall e < 1 Xox (@, D)ull, (|0t = #)]| o)
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+ | Xoa (@, D)pn — Xoa(x, D) o

Furthermore, the inequality (5.21) of Lemma 5.5 .1 states that the sequence (X; 5 1),y is bounded in
the space L (R; C¢). Therefore it is true that for all

loc
A and all 7 strictly smaller than e, we have

lim X¢px=X;n in o (R;C")

n—00 loc

nen is bounded in L§S (R;C€), the vector fields Xy ) are locally bounded
in time, with values in C*. Similarly, from inequality (5.20) the function div X,  belongs to the space
L33, (R; C°)

Finally, since the sequence (X x),,cy converges to Xy x in L5, (R; L), it follows from inequality (
5.18 ) that

since the sequence (X, )

I(X:) > I(Xo)exp <— /Ot |VU(7')Locd7')

The set of vector fields X; is therefore an admissible set of vector fields of class C€¢ since the sequence

[eS)
loc

(Vn) ey converges to v in LS, (R; C™) for all r strictly smaller than 1, it follows, for all strictly negative

r, that

lim w, =w in e (R; CT)
n—oo

From Theorem 2.4.1, stating the way the paraproduct and the remainder operate, we infer that for
all A, the sequences (wnXt’nv)‘)nEN and (wy, div Xt,n,)\)neN converge respectively to wX; y and wdiv Xy »
in the space L°. (R;C"), and this is true for all strictly negative r. We then deduce that for all A

loc

lim X; (2, D)w, = Xea(z,D)w in  Liy, (R;C7)
n—00

From the estimate (5.19), the sequence (||Xt7n7,\(a:,D)w(t)||E_1) . is, for all A a bounded sequence of
ne

locally bounded functions. The identity above enables us to state that
X x(z, D)w € LfS, (R; Ce_l)

This completes the proof of Theorem 5.5 .1

6 Vortex Sheets
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