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Variational methods

1. Introduction and the main results

This paper is concerned with the following fractional Schrédinger equation
(=Au+V(z)u = K(z)f(u) + \W (2)|u]’ " *u, zeRY, (1.1)

where (;A)S denotes the fractional Laplacian of order s € (0,1), N > 2s, A > 0, V. K, f € C(RV R),
We Lz? RN, RT)and 1 < p < 2.

In the last few years, the study of elliptic equation involving fractional Laplace operator appears widely
in optimization, finance, phase transitions, stratified materials, crystal dislocation, flame propagation,
conservation laws, materials science and water waves (see [1]). A basic motivation for the study of Eq. (1.1)
arises in looking for the standing wave solutions of the type ¥(z,t) = e~*¥*/¢y(x) for the following time-
dependent fractional Schrédinger equation

z‘s%—f = 2(—AP U+ (V(z)+ E)V — f(z,¥) (x,t) e RN x R. (1.2)
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Eq. (1.2) was introduced by Laskin [2,3], which describes how the wave function of a physical system
evolves over time. Over the past decades, problem (1.1) and problems similar as (1.1) have captured a lot of
interest, many authors have shown their interest in elliptic equation and system both in bounded domains
and unbounded domains, see [4-8].

Most of those results need to assume that the potential V' admits a positive bounded from below.
However, we point out that when s = 1, Ambrosetti, Felli and Malchiodi in [9] considered the zero mass
case (i.e. lim|y oV (2) = 0) for the problem

—Au+V(z)u=K(z)ul’ 1<p<2-1),

where V, K : RN — R are smooth functions and there exist a1, az, as, A, k; > 0 such that

J#SV(JU)SA and O<K(x)§1+k|1xaz, vz cRY.

Later, in [10], Alves and Souto consider a more general condition on V' and K, from which the working space
can be embedded into the weighted space. Using the idea in [10], authors in [11] and [12] obtain a positive
solution for a class of critical fractional Schrédinger equation, respectively.

Inspired by the above papers, in the present paper, we shall study the fractional problem with mixed
nonlinearity and the potential V' vanishing at infinity. To the best of our knowledge, few works concerning
on this case up to now. To state our main results, we introduce the notion: we say that (V, K) € K if the
following conditions hold:

(V) KeL*®RY), V(z),K(z) >0, Vz € RY and lim;|—, 1oV (2) = 0 (shortly V(co) = 0).
(K1) If {A,} C RY is a sequence of Borel sets such that |A,| < R for all n and some R > 0, then
lim K(z)dr =0, uniformly in n € N.
r=+00 J 4, nBE(0)
Moreover, one of the following conditions occurs:
(K3) £ € L=(RN).
(K3) thereis o € (2,2%) such that

K 2N
lim (x*) =0, where 2} = .
|z| =400 227‘7 i N — 2s
V(x) 25-2

The hypotheses on functions V(z) and K (x) were firstly introduced in [10]. Moreover, for the function
f, we assume the following conditions:

(f1) Timpyoofi = 0/if (K2) holds, or lim‘t|_>0‘t]|i£%)l < 400 if (K3) holds.
(f2) f has a quasicritical growth, that is, hm\tlﬁﬂw‘tr;% =0.

(fs) there exists § > 2 such that 0 < 6F(t) < tf(t) for all t € R, where F(u) = [ f(t)dt.

Our main result is the following:

Theorem 1.1. Assume that (V,K) € K, (f1) — (f3) are satisfied and W € Lﬁ(RN,]R"’) (1<p<2).
Then there exists a positive constant Ao such that for every 0 < A < Ao, problem (1.1) has at least three
solutions.

Remark 1.1. From our condition (f1) — (f3), it is easy to see that 0 is a trivial solution of problem (1.1),
therefore we will prove that problem (1.1) has at least two nontrivial solutions, which is different from the
results in [11] and [12].
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Throughout this paper, we denote || - || the usual norm of the space L"(RY), 1 <r < oo, B,(z) denotes
the open ball with center at  and radius r, C or C;(i = 1,2, ...) denote some positive constants may change
from line to line.

2. Preliminary results and proof of Theorem 1.1

In the sequel, we always assume that the hypotheses of Theorem 1.1 are satisfied. A complete introduction
to fractional Sobolev space H*(R™) can be found in [13], we only recall that the embedding H*(RY) —
L"(RY) is continuous for any r € [2,2%] and is locally compact whenever r € [2,2%). We introduce the
subspace

E = {u € H*(RY) / V(x)uidr < —|—oo},
RN
which is a Hilbert space equipped with the norm
ul)2 = / (—A) 3l dz +/ V(a)uda.
RN RN
Denote by L%(RN ) the weighted Lebesgue space
Lt (RN) = {u € H*(RY) : u is measurable and / K(z)|u|"dr < +oc}
RN

and owed with the norm

1
ey = ([ K@ul'dr)

The energy functional associated with (1.1) is

| . 1 A
INOEE /RN (- 4 [ V@i — [ K@Fd -2 /RN W () ulP da.

It is easy to prove that I is well defined on E and Iy € C1(E,R).
In a standard way (see e.g. [14]), one can check that the functional I satisfies the Mountain Pass geometry.

Lemma 2.1. The functional Iy satisfies the following conditions:

(i) There exist 8,p > 0 such that I.(u) > B for ||u|| = p and X € (0, Ao);
(ii) There exists an e € E satisfying |le|| > p such that Ix(e) < 0.

As a consequence of Mountain Pass Theorem [15] and Lemma 2.1, there exists a (PS) sequence {u,} at
the Mountain Pass level ¢, i.e.,

I(up) — c and I} (uy,) — 0. (2.1)
Lemma 2.2. Let {u,} be a (PS) sequence {u,} of I . Then {u,} is bounded in E.

Proof. Asin [12, Lemma 2.2], we can get

1+ c+ ||unll < In(un) —
(; - ;) ol + [ K@) (G (un) = Flun) o + (; - ;) A [ W@l
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Since

(Zl) — ;) A/RN W (z)lu,[Pdz < (; - ;) A(/RN |W(95)|23"dx)22p </RN ‘unﬁdx)g

1
( - ) ClIWIl 2 llunl”.
p

1 1 1 1
1 ~ 75 np >ls—7 n2
retlul+ (5 5) 0 [ W@l > (5-5) Il

which implies that {u,} is bounded in E. W

IA

Hence,

To prove the main result, we need to establish the following compactness result.
Lemma 2.3. Any (PS) sequence {u,} of I\ has a convergent subsequence.

Proof. By Lemma 2.2, {u,} is bounded in E. Up to a subsequence, we may assume that w, — u in FE.
From (I} (un), un) = 0n(1), we have

n—-+oo n~>+oo

lim ||Ju,||? = lim K fup)updx + )\/ W (z |un|pdx) (2.2)

From [10,12], there hold

lim K(z) f(up)updx = K(z)f(u)udz, (2.3)
n—-+oo RN RN

lim K(x)f(up)udz = K(x)f(u)udz, (2.4)
n—+0o0 JpN RN
ngrfoo A - W (z)|un|Pdz = )\/RN W (z)|ulPdz, (2.5)

and

lim A [ W()|up|" 2upudz = A / W () |ul? dz. (2.6)
RN

n—-+oo RN

Combining (2.2), (2.3) and (2.5), we obtain
hm lunl|? = / K(z)f(u)udz + X\ W(:E)|u|pdx. (2.7)
On the other hand, it follows from (I} (un),u) = 0, (1) that

(Un,u) — K(x) f(uy)udz — A W (@) |tn [P 2upuds = 0, (1). (2.8)
RN RN

By the definition of weak convergence, we obtain (un,u) — (u,u). Using (2.4), (2.6) and taking the limit in
(2.8), we get

|ul|* = / K(z)f(u)udz + X W (z)|ulPdz,
RN

which together with (2.2) yields that ||u,||* — ||u||?. So u, — u in E. This completes the proof. W



94 Z. Yang, F. Zhao / Applied Mathematics Letters 76 (2018) 90-95

Define

= inf INGIC:
ox = inf max A(v(1)),

where
I ={y€C([0,1], E) : 7(0) = 0,7(1) = e}.

Proof of Theorem 1.1. By Mountain Pass Theorem and Lemma 2.1, we obtain that, for each 0 < A < A,
there exists a (PS) sequence {u,} C E for I in E. Then, by Lemma 2.3, we can conclude that there exist a
subsequence {u,} C E and u* € E such that u, — «* in E. Moreover, I} (u*) =0 and I\(u*) = ¢y > 8 > 0.

The second solution of the problem (1.1) will be constructed through the local minimization. Since
W e L%P(RN,RJF), we can choose a function ¢ € E such that [ox W (z)|¢|"dz > 0. Thus, by (V) and (f3)

we have

nito) = Slo - [ KwFeods =22 [ wora

IA

2 /\tp/

— - — W (z)|o|Pda
FIoI? === | W@lo)
< 0,

for t > 0 large enough. Hence, let p > 0 be given in Lemma 2.1, we have —oco < infueépl,\(u) < 0.
By the Ekeland’s variational principle [14,16], there exists a minimizing sequence v, € B, such that
I\(vn) — inf,cp In(u) and Ii(vn) — 0 as n — oo. Hence, Lemma 2.3 implies that there exists a
nontrivial solution u** of problem (1.1) satisfying Iy (v**) < 0 and |u**|| < p. Therefore, we can conclude
thatDy(u™) < 0 =I,(0) < Iy(u*) for all 0 < A < A\g. This completes the proof of Theorem 1.1.
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