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1 | INTRODUCTION AND MAIN RESULTS

In this paper, we study the existence and concentration of solutions for the following critical fractional Schrodinger—Poisson
system

X (—=AYu+ V(xu+ ¢u= Px)fu)+ Q(x)lulzs*_zu, in R3,

1.1
e2(-A)' ¢ = u?, in R3, (1

where € > 0 is a small parameter, s € (%, 1),1 € (0,1),2s + 2t > 3 and (—A)“ is the fractional Laplacian operator, which can
be defined by the Fourier transform (—=A)*u = F~!(|£|**Fu). In (1.1), the first equation is a nonlinear fractional Schrodinger
equation in which the potential ¢ satisfies the second equation which is a fractional Poisson equation. For this reason, (1.1) is
refered to as a fractional nonlinear Schrodinger—Poisson system (also called Schrodinger—Maxwell system). When s = 1 and

2
t = 1, such a system becomes more interesting in Physics. It comes from the semi-relativistic theory in the repulsive (plasma
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physics) Coulomb case (see e.g. [29]). If one put the second equation into the first equation, such a system reduces to the
semi-relativistic Hartree equation which arises from the quantum theory of boson stars ([21]).
If ¢(x) = 0 in the first equation, (1.1) becomes the fractional Schrodinger equation like

XA 'u+VxXu= f(x,u), xRN, (1.2)
Equation (1.2) is related to standing wave solutions of the fractional time-dependent Schrodinger equation of the form

0
iea—"t’ = 5(=A) 'y + V(w — f(x. lw]), x€RY,

which is a fundamental equation in fractional quantum mechanics (see [20]). It is well known that, different to the classical
Laplacian operator, the usual analysis tools for elliptic PDEs can not be directly applied to (1.2) since (—A)® is a nonlocal
operator. To overcome this difficulty, Caffarelli and Silvestre [5] developed a powerful extension method which transfer the
nonlocal Equation (1.2) into a local one settled on the half-space IRiV +
In the local case that s = ¢ = 1, (1.1) reduces to the following system
—e2Au+V(X)u+ pu= f(x,u), inR>, (13)
—£2Ad =12, inR3. .

From the point view of Quantum Mechanics, the system (1.3) describes mutual interactions of many particles (see [36]) and also
arises in Abelian Gauge Theories. These theories consist of field equations that provide a model to describe the interaction of a
nonlinear Schrodinger field with the electromagnetic field (see [7,8]). In the past decades, the system likes or similars to (1.3)
has been studied extensively by means of variational tools. See [2,10,16,19,27,40,45] and the references therein for the existence
of solutions. The concentration behavior of solutions was studied in some papers. Ruiz constructed a family of solutions which
concentrate around a sphere in [26]. In [28], Ruiz and Varia obtained the existence of multi-bump type solutions and showed
that the bumps concentrate around a local minimum of the potential for f(x,u) = |u|??uand 3 < g < 5 by applying Lyapunov—
Schmidt reduction methods. The critical case was considered in [17], He and Zou proved that system (1.3) possesses a positive
ground state solution which concentrates around the global minimum of V. The following semiclassical Schrodinger—Poisson
system has also attracted a lot of attention

—2Au+V(xX)u + ¢u = f(u), inR3, L4

—Ap =u?, in R3. (14

D’Aprile and Wei [9] constructed a family of positive radially symmetric bound states and showed the concentration around a
sphere in R3 as ¢ — 0 for (1.4) with f(u) = |u|9%u,1 < q < %

Recently, there is an increasing interest in the existence of solutions to the fractional Schrodinger—Poisson system. A frac-
tional Schrodinger—Poisson system with V' = 0 and a general nonlinearity in the subcritical and critical case was considered in
[44], where a positive solution was obtained by using a perturbation approach, and the asymptotic behavior of solutions for a
vanishing parameter was also given. In [34] and [35], Teng adapted the monotonicity trick (see e.g. [18]) to obtain the exis-
tence of ground state solutions to the critical and subcritical cases, respectively. In [24], the authors considered the following
system

eX(=AYu+V(x)u+ ¢u=gu), inR3,
(=0)2 ¢ = you?, in R3,

where y, is a constant, and they established the multiplicity of solutions for small € via the Ljusternik—Schnirelmann category
theory, where g is subcritical at infinity. However, the concentration behavior of solutions was almost not considered before
in literatures. To the best of our knowledge, the only result was due to Liu and Zhang [22], where the authors considered the
following system

X (=AY u+V(Xu+du= )+ ul*u, inR3,
(=AY p =i, in R,
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Under the assumptions

(C) f : R — Ris a function of C!-class,
M) % is strictly increasing for ¢t > 0,

and other suitable conditions, Liu and Zhang obtained the multiplicity of positive solutions which concentrate on the minima
of V(x) by the minimax theorems and Ljusternik—Schnirelmann category theory. When f is not a function of C'-class, the
multiplicity of solutions was established in [43]. The concentration behavior of ground state solutions for a subcritical case with
two competing potentials was studied in [42].

In this paper, we are concerned with the existence and concentration behavior of ground state solutions for (1.1). We note
that (1.1) involves three different potentials which make our problem more complicated than that one in [22]. This brings a
competition between the potentials V', P and Q: each one would like to attract ground states to their minimum or maximum
points, respectively. It makes difficulties in determining the concentration position of solutions. This kind of problem can be
traced back to [38,39] and [6] for the semilinear Schrodinger equation. In [11], the authors found new concentration phenomena
for Dirac equations with competing potentials and subcritical or critical nonlinearities, respectively. See also [12,37] and [41]
for other related results.

To state our main results, we need the following assumptions

(f) f €CR,R), f(1)=0(r)ast - Oand f() =0 forall 1 <0;
() There exists 4 < p < 27 such that

If@O < eq(1+12177)

for all € R and some ¢; > 0;
(f;) tf(t) —4F(t) > stf(st) —4F(st), Vt > 0,Vs € [0, 1], where F(t) = /0' f(r)dr,
(f) There exists 4 < ¢ < 27 such that

F(l) Z Cztg
for all > 0 and some ¢, > 0.

Remark 1.1. If the nonlinearity is differentiable, then it is easy to see that (f3) is equivalent to the condition (M) by the
derivative rules. In the present paper, we only need f € C(R, R). At the time, the condition (f3) is weaker than (M). In fact,
for any s € [0,1],7 > 0, let k(s) = s*tf(t) — 4F(st), then k'(s) = 453t f(t) — 4t f (st) = 453t f (1) — 4:%@1)3. If (M) holds,
then

J{0)

3 (st)> =0, forall teR.

K'(s) > 4s’tf (1) — 4t

Therefore, k(s) is increasing on [0,1]. Consequently, k(1) > k(s), forall s € [0,1]. Thus, for any s € [0, 1], by (M) we
have

tf()—4F(t) > s*tf(t) — 4F(st) = s

4#% — 4F(st) > st f (st) — 4F(st).

Here is an example of nonlinearity which satisfies (f3) but does not satisfy the condition (M). Define
/ sin’ ( 11)
4 2
t / —~ dr, te|0,1],
0 )
F(t) =3

1sin5<£f) t

4 2 1

t —dt + —SdT, t>1.
0 1

T5 T
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By a direct computation, one has

dT+ 5 re [0’ 1]7

f@) =3 5<£T>

1 sin t
2
413/ —dT+/ LdT +l, r>1.
0 7> A t

Thereby, for t € [0,+00) and s € [0, 1], as 0 < ¢ < 1, one has

u

st f(st) — 4F(st) = sin® (%st) < sin5( %r) — £ (1) — 4F(1).
Ast>1,if0 < st < 1, then
st f(st) — 4F(st) = sin® <%st> <1=tf(t)—4F(),
and if st > 1, then
stf(st) — 4F(st) = | = 1£(t) — 4F ().

Allin all, st f(st) —4F(st) <tf(t) —4F ) for any s € [0, 1],7 € [0, +0).
By the definition of f, we have

zsins(%ﬂ:) sin5<£t)
4/ s dr + ” s te[0,1],
0
I 1sin5<§r) ’1 1
4 / —dr+/ —dr|+—, t>1,
0 75 1 75 4
f -5 T . T
¢t Sin (ET> sin (—t)
4 drt + , te[0,1],
/0 = m [0, 1]
=
1 sin5<fr)
4/ . dr+1, t>1
0 T

. 1 sins(lz—[r) .
Notice that | ———-d7 < +co. Thus, if # > 1, one has

13 75

M54/1@dr+1.
0

So % is not strictly increasing for ¢ > 0, that is, f does not satisfy condition (M).

We need some notations to help us to determine the concentration set of solutions. Set

Viin 2= min V(x), Vo 1= sup V(x), V :={x€R’: V(x) =V}, Vi :=liminf V(x),
x€R3 YER3 [x[—>00

Ppin := inf P(x), Py i=max P(x), P:i={x€ R?: P(x)= Py}, Py :=limsup P(x),
xeR

xeR3 |x|—>o00
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Opin 1= inf O(x), Op i=max0(x), Q:={x€R’:0(x) =0} Ok :=IlimsupQO(x),
x€R3 xER3

|x|—>o0

Vo :=§CI(1:_ié1V(x), Py I=I)lcfleaé<P(X).

Moreover, we assume that V', P and Q satisfy the following conditions:

(Ag) V,P,Q are three continuous and bounded functions with V;, > 0, P,;;, > 0 and Q;, > 0;
either

(A)) Py > P, and there exists xp € Cp such that V(xp) <V (x) for |x| > R with R >0 sufficiently large, where
Cp:={x€Q: P(x)= Py}
or

(Ay) Vo <V, and there exists x,, € C}, such that P(xV) > P(x) for |x| > R with R > 0 sufficiently large, where
Cyi={x€Q: VX =Vy}.

If (A, ) holds, we set

Hp={x€Cp:VX) SV (xp)}U{x€Q\Cp: V(x)<V(xp)}U{x&Q: P(x)>PyorV(x)<V(xp)}.
If (A,) holds, we set

Hy ={x€Cy : P(x) = P(xy)}Uu{x€Q\Cy : P(x)>P(xy)}U{x&Q: V(x)<VgyorP(x)> P(xy)}.

Clearly, Hp and Hy, are bounded sets. Moreover, if VNP NQ # @, then Hp = H, =V NPnNQO.
Now we state our main results as follows.

Theorem 1.2. Assume that (f)—~(f,), s € (%, 1),1€(0,1),2s +2t > 3, (Ay) and (A,) hold, then for all small & > 0:

(i) The system (1.1) has a positive ground state solution (a)é, qﬁwg );

(ii) w, possesses a global maximum point x, such that, up to a subsequence, x, = xyas € = 0, lim,_  dist(x,, Hp) =0, and
(Ug(x), W, (x)) 1= (cuE (sx + xg), b, (ex + xg)) converges in H*® (IR3) to a positive ground state solution of

(=A)’u + V(xo)u + ¢u = P(xo)f(u) + Q(xo) lul®%2u, inR3,
(=AY ¢ = u?, in R3.

In particular if VNP NQ # @, then lim,_ydist(x,, VNP NQ)=0, and up to a subsequence, (Ué, wé) converges in
H* (IR3) to a positive ground state solution of

(=AY u+ Vyju+ du = Py f@0) + Qpax Ul 2w, in R,
(-AY ¢ = u?, in R3.

(iii) There exists a constant C > 0 such that

C83+2s

3
, forall xeR°.
£3+23 + |x _ xg|3+2s

w.(x) <

Theorem 1.3. Assume that (f)—(f,), s € (%, 1),t €(0,1),2s +2t >3, (AO) and (Az) hold, and we replace (HP) by (HV),
then all the conclusions of Theorem 1.2 remain true.

Remark 1.4. Comparing to [22], there are some different points in our paper. First, we do not need f satisfies the smooth
condition (.5), and this prevents us using the Nehari manifold in a standard way. Second, we do not assume f satisfies the
monotonicity condition (M) which plays an important role in [22].

In the sequel, we only give the detailed proof for Theorem 1.2 because the argument for Theorem 1.3 is similar to that for
Theorem 1.2.

This paper is organized as follows. In Section 2, we provide some preliminary lemmas which will be used later. In Section 3,
we consider the autonomous problem of the sytem (1.1) and prove the existence of positive ground state solutions. In Section 4,
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we prove the existence of positive ground state solutions of the sytem (1.1) for small € > 0. In Section 5, we study the concen-

tration phenomenon and convergence of ground state solutions. In Section 6, we obtain the decay estimate of solution, which is
polynomial instead of exponential form. Finally, we give the proof of Theorem 1.2.

Notation. In this paper we make use of the following notations.

e For any R > 0 and for any x € R, By(x) denotes the ball of radius R centered at x;
o [P (IR3), 1 < p £ +o0, denotes the Lebesgue space with the following norm

</ |u|”dx>p, if 1 <p< oo,
R3

ess sup |u(x)|, if p = o0.
xeR3

lull, =

e CorC;(i =1,2,...) denote some positive constants could change from line to line.

2 | PRELIMINARIES

First, we collect some preliminary results for the fractional Laplacian from [3]. We define the homogeneous fractional Sobolev
space D>*(R?) as the completion of C5°(R?) with respect to the norm

1
_ 2 2
llullps2 == <//R3><R3 u|§cx)_ |u3(+y2)sl dxdy) = [ulgs.

We denote by H* (IR3) the standard fractional Sobolev space, defined as the set of u € D*2 (IR3) satisfying u € L? (IR3) with

the norm
Ju(x) = u)P? / ) 2 2
ul|%,s dxdy+ u dx = [ul;,s + ||lull5-
lull2,. = //[R e Ty dxdyt [ [ + llull2

Also, in light of [3] and [25, Proposition 3.4 and Proposition 3.6], we have

_ 2
i = [ riaeorae = see | EO=OL axay
o

where i stands for the Fourier transform of u# and

1 — cosé, -l
C(s) = (/R3 W(M) , &§=1(81,86,83).

As a consequence, the norms on H*(R?) defined below

|u(x) — u(y)|? :
e </Rs”2dx+//Rsst e > ’
1
e (/ ude/ |:|2S|a<é>|2de:>2,
R3 R3
) L
2 3 :
on (o i)
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are all equivalent. Furthermore, it is well known that H*(R?) is continuously embedded into L"(R?) for any 2 < r < 2* and
compactly embedding into L] (R?) forany 1 < r < 2% and there exists a best constant S, > 0 such that

s = A)2u| dx
S,= inf = — 1

RN (i)

AK-IN

Moreover, (—A)*u can be equivalently represented as (see [25, Lemma 3.2])

C(s) u(x +y) +ulx —y) — 2u(x)
2 Jw RS

(=AY u(x) = — dy, forall xeR. (2.1

We denote || - || s by || - || in the sequel for convenience.
Recall that by the Lax—Milgram theorem, we know that for every u € H*(R?), there exists a unique ¢/, € D"?(R?) such that
(—A)’d)L = u? and d)L can be expressed by

2
¢;(X)=CI/3%dy, forall x e R3,
s Tx =

which is called ¢-Riesz potential, where

oo rG-on
f__3 2 .
D)

2

Making the change of variables x — ex, we can rewrite the system (1.1) as the following equivalent system

2.2)

(=A)YSu+V(ex)u+ ¢u = P(ex) f(u) + Q(sx)lulzj'zu, in R3,
(—AY¢ =u?, in R3.

If u is a solution of the system (2.2), then w(x) := u(f) is a solution of the system (1.1). Thus, to study the system (1.1), it
suffices to study the system (2.2). In view of the presence of potential V' (x), we introduce the subspace

H, = {u IS HS(IR3) : / V(ex)u*dx < oo},
R3
which is a Hilbert space equipped with the inner product
W, v), = / (—A) u(—A)Ivdx + / V(ex)uv dx,
R3 R3

and the equivalent norm
2 s 2 2
lull; = (u,u), =/ |(—A)2u| dx+/ V(ex)u“dx.
R3 R3

Moreover, it can be proved that (u, ¢, ) € H, X Dt’z(R3) is a solution of (2.2) if and only if u € H, is a critical point of the
functional Z, : H, — R defined as

Is(”)=%/3 |(—A)§u|2dx+%/ V(ex)uzdx+ / (i)’ de—/ P(ex)F(u)dx——/ Q(ex)lul2 dx, (2.3)
R R3

where q’)L is the unique solution of the second equation in (2.2). Note that 2 < ﬁ <27 if 4s + 2t > 3, then by the Holder

inequality and the Sobolev inequality, we have

L

3421 +2f
12 6 . 2
/% d)zuzdx < < . |u|3+2rdx> </3 |¢L|21 dx> "< — 1 </ |u|?+2rdx> I# llpr < Cllull? I# Nl i < o0.
R R R 5
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Therefore, the functional 7, is well-defined for every u € H, and belongs to C YH «» R). Moreover, for any u, v € H,, we have

<1;(u),u>=/ (—A)%u(—A)%de+/ V(ex)uudx+/ ' uv dx
R3 R3 R3

- / P(ex)f(wyvdx — / O(ex)|ul* 2uv dx. (2.4)
R3 R3

The properties of the function ¢/ are given in the following lemma (see [35, Lemma 2.3]).
Lemma 2.1. [f4s + 2t > 3, then for anyu € H* (IR3), we have
(i) ¢!, >0;
(ii) ¢fl  HS ([R3) - D2 (R3) is continuous and maps bounded sets into bounded sets;
(iii) Jgs pjp*dx < Cllull*), < Cllull*;

342t

(iv) Ifu, = uin H*(R3), then ¢! — ¢! in D"*(R?);
(v) Ifu, > uin HS(IR3), then ¢! — ¢! in D”Z(R3) and /[R3 ¢, uﬁ dx - /[R3 d);uzdx.

Define N : H’(R?) — R by

N(@u) = / ¢ uPdx.
R3
The next lemma shows that the functional N and N’ possesses BL-splitting property which is similar to the well-known
Brezis—Lieb lemma ([4]).
Lemma 2.2. (/35, Lemma 2.4]) Assume that 2s + 2t > 3. Let u,, = uin H°® ([R3) and u, — u a.e.in R>. Then
(i) N(u,—u)= N(un) — N(u) + o(1);
(ii) N'(u, —u)=N'(u,) — N'w) + o(1), in (H*(R?))

*«

The following vanishing lemma is a version of the concentration-compactness principle proved by P. L. Lions. We can consult
[15, Lemma 2.2] and [30, Lemma 2.4].

Lemma 2.3. [If {un} is bounded in H*® (R3) and it satisfies

sup / |un|2dx—>0asn—> 00,
x€R3 J Br(x)

for some R > 0. Then u,, — 0 in L’(R3)f0r any2 <r <27

In order to find critical points for Z,, we will use the Nehari methods. The Nehari mainfold corresponding to I, is
defined by

N, ={ue H\{(0} : (I(w),u) = 0}.

Thus, for any u € N, <» we have that

/ |(—A)%u|2dx+/ V(ex)uzdx+/ d)Luzdx:/ P(ex)f(u)udx+/ Q(sx)lulzjdx.
R3 R3 R3 R3 R3

Since f is only continuous but not belongs to Cl-class, N . heed not be of class C! in our case, so we cannot use standard
arguments on the Nehari manifold in the standard way. To overcome the nondifferentiability of the Nehari manifold, we shall
use the reduction method developed by Szulkin and Weth in [33].

First, (f}) and (f,) imply that for each = > 0, there is C, > 0 such that

C
lf@| < zlul® + C,lul”~"  and |F<u)|s§|u|4+—f|u|l’ (2.5)
q
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for allu € H*(R?). By (/) and (f3), we deduce that
Fw)>0 and % fwu— Fu) > 0. (2.6)

In the following we shall show some properties for N, .

Lemma 2.4. For any u € H,\{0}, we have

(i) There exists a unique 0, such that 6,u € N_. Moreover, T,(0,u) = maxy, I, (6u).
(ii) There exist T, > T} > 0 independent of € > 0 such that T) < 0, < T>.

Proof. (i) For 6 > 0, let

6> s 2 62 )
g0 = 1,000 = & / a2 ax + & / V(exnldx
2 R3 2 R3

4 2;‘ .
+& / dutdx — / P(sx)F(Hu)dx—e— / O(ex)|u|* dx.
4 R3 u R3 2? R3

Then, by (2.5) and Sobolev embedding inequality, we have
1 0% .
8(0) 2 S0°|ull; - 004/ lul*dx — Cal’/ Jul?dx = == O / |u|* dx
R3 R3 5 R3

62 w2k
> 7||u||§ — CO*|lull! — COP|ull? — CO* ||ul|;*
and

g'(0) > 0llull” - c93/ lu|*dx — cep—l/ lu|Pdx — Qmaxezi—l/ lu|® dx
R3 R3 R3

2 3014 -1 2511, 1125
> Olull; — CO|ull; — COP lul|? = CO=lull*.

Since 4 < p <27, g(6) > 0 and g'(@) > 0 for small 8 > 0. Moreover, by Lemma 2.1(iii), we get
6> Onin o+ .
8(0) < - llull + Colull; - %9%/3 Jul dx.
s R

Hence, g(f) > —oo as @ — oo and g has a positive maximum and there exist 6, > 0 such that g’(6,) =0, g’(9) > 0 for
0<6<4,.

Next we claim that g’(0) # O for all § > 6,. Indeed, if the conclusion is false, then, from the above arguments, there exists a
6, < 0 such that g’ (/) = 0 and g(8,) > (6" ). However, (f3) implies that

/

£(6]) = 5(6]) - 25/ (6))

4
0’ 1 4s—3 0
=~ lull? + —/ P(ex)[f (6/u)0/u—4F (6/u)]dx + = 9;2s/ O(ex)|ul* dx
4 4 R3 12 R3
O 2 ] 4s =3 »
> leu”é +7 / P(ex)|f(0,u)0,u — 4F(6,u)|dx + > 6, / O(ex)|u|*dx
R3 R3

=g(0 b {C
_g( u)_zg( u)
=g(0,),

here we use s > %, this is a contradiction. This claim is proved and then g has a unique maximum at 6,. Moreover, notice that
g'(0) = 67(1(0u), Ou), then g’(6,) = 0 implies ,u € N,. Thus (i) holds.
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(ii) By 8,u € N, and Lemma 2.1(iii), we have

C 02 ull? + Co02 ull* > 02 ull? +0° / i
R,
=0u/ P(£X)f(9uu)udX+0,f§/ O(ex)|ul* dx
R3 R3

2% B
> C30,° /3 lu|?s dx.
R

Thus, there exists a 7, > 0 independent of € such that 6, < T,.
On the other hand, using 6,u € N, again and Lemma 2.1(i), we have

C402Iull® < 62 |lull® < cse;j/Rx u|°dx + C66MS/D@ Jul® dx < COllull” + CO* ]|,

which yields that there exists a 7; > 0 independent of € such that 6, > T. [

Lemma 2.5. For any fixed € > 0, we have the following facts:

(i) There exist p > 0 such that ¢, = inf \, T, > infSp 1, >0, where S, = {u €EH, : |ul, = p}.
(ii) There exists r* > 0 such that

llull, > r*, forall ue€ N..
Proof.

(i) Forany u € H,\{0}, then by Lemma 2.1(¢) and (2.5), we have
1 s 2 1 2 1 t 2 1 2%
()=~ |(—A)zu( dx+= | Vexuldx+~ [ ¢lutdx— | Fudx—— [ |ul*dx
2 R3 2 R3 4 R3 u R3 2; R3

s 2 *
l/ ‘(—A)iul a’x+l/ V(ex)uzdx—i/ lul*dx — C / u4dx+/ |ulPdx
2 R3 2 R3 2? R3 R3 R3

1 2 4 )4 2
Sl = € (Il + al? + a2 )-

v

\%

Hence, inf s, 1, > 0 for sufficiently small p. Moreover, for any u € N, Lemma 2.4 implies that T, (u) = maxgs I, (6u).
Taking a #, > 0 with 7ou € S,,. Then

I,(u) > I,(tu) > inf I,(v).
vES,

This completes the proof of (i).

(ii) Forany u € N, ¢» similar to (i), we have
0= (2L .u) > llull? = C(Ilull? + ul? + fals” ).
from which we obtain that
lulle > 7" >0

for some r* > 0 in view of u € N, c H,\{0}.

O

Lemma 2.6. If W is a compact subset of H, \ {0}, then there exists R > 0 such that I,(u) <0 on (R+W)\BR(O) for each
uew.
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Proof. Assume that this is not true. Then there exist sequences {u, } C W and {t,} € R such that 7, (#,u,) > Oand t, — +co
as n — oo. By the compactness of W, we can assume that u, - u € W in H, and ||u,||, < C for all n. Set Q := {x ER3:
u(x) # O}. Then meas(Q) > 0. Hence, for x € Q, |t,u,(x)| = +o00. Consequently, by Fatou’s lemma, one has

/ t,) Q(£x)|un|2sdx > Omin |u |2 dx — +00.
R3 Q

Therefore,
1, (t,u *
0< M = —||u 17+ ¢’ wldx — Psdx — 1 P(ex)F (t,u,) dx
l4 I4 R3
n n
<C mm n / |u |2 dx = —co,
a contradiction. This completes the proof. O

Lemma 2.7. 1, is coercive on N, i.e., I ,(u) — oo as ||lu]|, = co,u € N..

Proof. Since u € N, we have

I.(u) =T, (u)— i(lé(u),u>

s [lestufon g [ venias (3-5) [
== (—A)2u, - Viexu:dx+ |- - — O(ex)|u, |25 sdx
4 R3 4 R3 n

+l/ P(Ex)[f(un)un—4F(un)]dx
4 R3

s Ly
= lleall,
Thus, Z, is coercive on N,. O
Define the mapping i, : H,\{0} - N, and m, : S, - N, by setting
m(u) = 0,u and me = mslSE’

where 0, is as in Lemma 2.4, S, = {u EH, : |ul, = 1}.
We also consider the functionals Y, : H \{0} - Rand Y, : S, — R defined by

Y =1, (mw) and Y, =Y. 2.7
Since H, is a Hilbert space, Lemma 2.4, Lemma 2.5(ii) and Lemma 2.6 imply that the hypotheses (Al ), (A2) and Aj in [33]
(see, Chapter 3) are satisfied. Hence, we have the following Lemmas 2.8-2.9.
Lemma 2.8. (See[33]) The mapping m, : H\{0} — N is continuous and m, is a homeomorphism between S, and N, and

u

flullc”

the inverse of m, is given by mg_1 m) =
Lemma 2.9. (See[33]) For each € > 0, we have
(i) Y, € C'(S.,R) and for each w € S,, one has
(Y, (w). z) = lIm ()l (I (m(w)). z)

foralleT( ) {UEH (w,v):O}.

(ii) If{wn} is a (PS) sequence for Y, then {mS (w”)} is a (PS) sequence for 1. If{un} C N, is a bounded (PS) sequence
for I, then {m;l (un)} is a (PS) sequence for Y .
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(iii) w is a critical point of Y, if and only if m_(w) is a nontrivial point of I,. Moreover, the corresponding values of Y, and
I, coincide and inf g Y, = inf ; T,.

Moreover, we also have

Lemma 2.10.

= inf I,(u) = inf 1.(6u) = inf Z.(0u) > 0.
e = 10 = ol B 00 = nf iag 00

31 THE AUTONOMOUS PROBLEM

In the section, we shall prove some properties of the least energy solutions of the autonomous problem. Precisely, for any
a, b, c > 0, we consider the following constant coefficient problem

3.1)

(=AYu+au+ ¢u=>bfw)+clul>2u, inR3,
(-A)Y'¢p =u?, in R3,

and the corresponding energy functional

1 2 1 2 c 2%
Topelw) = 3l + Z/R3 P dx—b/R} ) dx - 2—/[R jul dx,

D=

s 2
defined for u € Hs(R3), where ||u]l, = <fR3 l(—A)5u| dx + afR3 uzdx) . The Nehari mainfold corresponding to I, is
defined by
Nope = {u € H (R\{0} : (I/, (w),u) =0}.

abe

We define the least energy associated with (3.1) by

Yabe = ueli\lff Iabc(u)'

abc

The number ;. and the manifold N, have properties similar to those of ¢, and N, stated in Lemmas 2.4-2.7. Hence, for
eachu € HS(IR3) \ {0}, there exists a unique 6, > 0 such that 6,u € N,,. Recall that S, = {u € HS(IR3) S lull, = 1} and
define the mapping it 5. : H* (R*)\{0} = Ny by ity (u) = O,u, and mp. = iy, | s . Moreover, the inverse of m,, is given
by m~! (u) = ——. Let the functional Y, : H*(R¥)\{0} — R be

abe llull,

Yabc(u) = Zabc (mabc(u)) and Yabc = YabclSa'
Moreover, we also have

Yape = I0f Ty (u) = inf max 7

(Ou) > 0.
UEN gpe ueHs (®3)\(0) 920

abc

Ou) = inf max T
abe(OW) ues, 0>0

Lemma 3.1. Forany a, b, c > 0, the following inequality holds:

3
S s
0 <7 < — S

3¢ 2s

Proof. The proof is similar to the proof of Lemma 3.3 in [35]. For the sake of completeness, we give the details here.
We define

u (x) = w(0)U(x), x€R,
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3-2s 523
where U.(x)=¢ 2 u< ) ut(x) = %, Kk €R\{0}, po>0 and x,€R> are fixed constants, ii(x)=

3-2s

K(ﬂ3+ |x—x0|2)_ 2 (see [31, Section 4]), and v € C“(R3) such that 0 <w <1 in R3, w =1 in B, and w =0 in
R3 \ B,,. From [31, Proposition 21 and Proposition 22], we know that

3 2 5 3-2
/ |(—A)2ug(x)’ dx <S> + O(s*_ S), (3.2)
R3
3
/ lu ()3 dx = SF +0(€%), (3.3)
R3
and
( 32—r)+2sr 3
O(e 2 ), r> 355
3(2—r)+2sr
/3 lu, () dx = 3 o(g—f |log5|>, r==, (3.4)
R
3%, 3
O(e 2 ), r< o

From (f,), we have

1 s 2 1 .
Iabc(u)=§[R3‘(—A)zu dx+%/[R3u2dx+Z/R3 (l)iluzdx—b/[R3 F(u)dx—zc—*/R3 |u|2sdx
N

s 12 %
< l'/ '(—A)5u| dx + 2/ u’dx + l/ d)’uzdx—czb/ |u|®dx — i/ lul*dx := W ().
2 R3 2 R3 4 R3 u R3 2? R3

By a direct calculation, we have

6° 112 6%a 2 64 12 o o 2*
¥, (0u) = — ‘(—A)Zu’ dx+ 22 [ Pdx+ = [ ¢ uPdx—c,bo |u| dx — Z€ |u| Sdx.
2 R3 2 R3 4 R3 u

. 02 s 2
Define g(0) = & fus |(-2)3u,| dx

- 0 e fR3 |u, |% dx for @ > 0. We note that g(0) attains its maximum at

3-2s

s 2
. ’(—A)fug dx
ch3 lu | dx

Moreover, by (3.2)—(3.3), using the elementary inequality (@ + )7 < a? + g(a + £)?~1p which holds forg > 1 and @, § > 0, we

deduce that
3
/R% i A)zu |2dx 2Sc/ lu Izﬁdx
¢ foo lu % dx R

32?

3 A d s
max g(0) = g(6y) = <fR (ot x) /|(—A)2u
2 R3

cf3|u| sdx

s 3
1=2)3u, I}

s 7 e2
3 —Zx 3
¢ NI,
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2w

s

3
(SSZs + 0(53—25')>
S

- 3-2s 3-2s

3
(ST o)

2s

3\ 25
<5§S ) +0(e5%)
S

3-2s 3-2s

B 3 2s 3 25
‘ (sﬁx + 0(63)>

3
<3 x4 0(53_23).

- 3-2s S
3¢ 72

Since 7, (Gug) — —o0 as § — oo, by standard argument, there exists 6, > 0 such that

0< Yabe < 15138( Iabc(gue) = Iabc (0.?“6) < Tabc(&s”&)?

(3.5)

(3.6)

which implies that 8, > A; > 0 for some constant A;. On the other hand, from (3.2)-(3.4), for any € > 0, we have that

2*
0< Yabe < lPabc(aeue) < Clez + C203 - C39£S’

which implies that there exists A, > 0 such that 8, < A, andthus0 < A; <6, < A, forany € > 0.

Now, by (3.2)—(3.6), we deduce that

3
lIJabc (eeue ) < o >

3-2s S
3C 2s

3¢ 2

3¢ 2

. 3 3
Since s > e then ECN > 2 and

Therefore,

LI’abc (95 U, ) <

Moreover, we deduce that

342t

12 3
(o o175 dx)
lim

SF +0(e7%) +
3
< %SSZX +O(E3_2S) +

3
< %Ssh +O(63_2S)+

-0 g3-2s

2
0Za

2

2
2

2

2
Aza

2

J

=4

. u? dx = 0(83_2S).

342t

( ) 0] (£4s+21—3 )
lim ——— =0,
=0 g3-2s

3+2t
O<£4s+2t—3 | lOg 6| -3 )

llf(l) 32 =0,
o) 66_4S
lim g =0,

le—0  g3-2s

12>

342t

12
342t

12
342t

94
—/ ugdx+ —6/ @ u?dx—chGS/ lu|”dx
R3 4 R3 € R3
a A‘Z1
—/ uzdx+ —/ @ ugdx—csz‘l’/ lu.|dx
R3 4 R3 € R3

342
12 3
/ u? dx+CAg</ |u£|ﬁa’x> —Af/ lu,|dx.
R3 R3 R3

3 12 3
f_z SE +0(e7%) +C</ |u£|malx> —c/ |u, |°dx.
3cﬁ R3 R3
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and we also have 3—2 < 2 <4<o0< 2* then we deduce that

) 3 lu(x)|°dx
lim /R < = lim = +o00.
o0 £3-2s =0 g3-2s

Therefore, the above arguments imply that

0< Yabe < Iabc (95146) < ‘Pabc( ) < Lsszs .

3-2s
3C 2s

Thus we complete the proof. |
Lemma 3.2. Forany a,b,c > 0, sytem (3.1) has a positive ground state solution in H® (IR3).

Proof. If u € N, satisfies T ;.(4) = ., then

abc( abc(u)) abc (mabc( abc(u))) = abc(u) =Yabe = lglf Yabc(u)~

That is, m;blc(u) is a minimizer of Y ., and hence a critical point of Y ;.. Therefore, similar to Lemma 2.9, we see that u is a
critical point of 7. It remains to show that there exists a minimizer u of 7|y, - By Ekeland’s variational principle in [14],

there exists a sequence {w, } C S, with Y . (w,) = v4pe, Y., (w0,) = 0 as n — oo. In fact, set
g = |lull>2—1, forall ue H*(R?).
Notice that S, = {u € H* (R*) : g,(u) = 0} and for each u € S, one has
(gh),u) =2]jull?=2>0.
By Proposition 9 in [33], we know that Y, € C! (HS(IR3) \ {0}, IR) and

abe

(Y, w,v) = HIIT(TI)” (I, (i), v), forall 0+#uve H (RY).

Hence, by Corollary 3.4 in [14] there exists a sequence {w, } C .S, such that Y .. (w,) = ¥4, and there exists a, € R such
that HY;bc w,) — a8 (w,)

— 0. It implies
a

(Ve (1) 84 (w04) )

a, = +o(1).
I8} (w, )12

abe> W€

Hence, Y', (1w,) — <Y:zhc”§i”(ﬂl’g);“(2w") ) g (w,) =o(l),ie, Y, (w,)=o(l). Letu, = my.(w,), by the definition of m
know u, € N, forall n € N. Similar to Lemma 2.9, one has T (1,,) = ¥4pe- I, (1) = O asn — co. Similar to Lemma 2.7,
we know that {u, } is bounded in H*(R?).

Next, we claim that there exists a sequence {y,} C R3 and R, § > 0 such that

/ lu,|>dx > 8, neN. (3.7)
Br(yn)

Otherwise, by Lemma 2.3, we have
u, - 0in L"(R?) for2 < r < 2%.

Thus, by (2.5), we have

/ F(un) dx — 0, / f(un)undx—>0asn—> 0. 3.8)
R3 R3
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Moreover, by Lemma 2.1 (iii), we can obtain

¢ urdx > 0asn— oo. (3.9)
R3 n

Notice that

Iabc(un) —%(Iébc(un),u» = £||un||2+4s_3 d);nuidx—b F(un) dx+% f(un)undx.
2S 3 12 R3 R3 2

s JR3
|-8)7u,
R3

2" 3
/R3 lu,|“sdx = ;yabc + o(1).

Therefore, (3.8)—(3.9) imply that

2 3
dx < =Yg +o(1).
s

Similarly, we have

Moreover,

(-A)u,

/.

2 o+
dx —c/ lu,|"sdx < o(1),
R3
which implies

3
S 2
Yabe 2 3-2s Ss >

3¢ 25

which is a contradiction with Lemma 3.1. Let v,,(x) = u,(x + y,), then {v,} is bounded in H*(R?) by the boundedness of {u, }
and, up to a subsequence, we assume that v, — vin H*(R?). By (3.7), we see that v # 0 and it is easy check that Z,,.(0) = .-
Moreover, by Lemma 2.2(ii) and Lemma 2.3, we can obtain 7 ; bc(v) =0

Next we only need to prove that v is positive. Put v* = max{+wv, 0}, the positive (negative) part of v. We note that all the
calculations above can be repeated word by word, replacing I:bc (u) with the functional

1 s 12 1 1 ¢ *
—_ — — 2 —_ 5,2 - —_— 25
1, (= /3 ‘( A)2 v‘ dx + /3 av dx + \ P v7dx b/3 F(U )a’x . [0 |*sdx.

In this way we get a ground state solution v of the equation
(—=A)v+av+ ¢ v=>bf(v}) +clot|> 20T, inRY, (3.10)

Using v~ as a test function in (3.10) we obtain

/ (—A)2v - (=A)Tv-dx + / alvPdx + / ¢! (" )2dx = 0, G.11)
R3 R3 R3
On the other hand,
s | ((x) — vV~ (x) — v~ (y)
/R3(—A)21)-(—A)2U dx = 2C(s)//RSXR3 s dxdy

1 (v(x) — v(Y)(=v~ ()
> -C dxd
—2 ®) l//{u>0}x{v<0} |x — y|3+2s ey

N // CRORTRC) N dyt // (G = LD
{v<0)x{v<0)  |x —y[3*2s (0<O0)x(v>0)  |x — y|3*2s

> 0.
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Thus, it follows from (3.11) and Lemma 2.1(i), we have v~ = 0 and v > 0. Moreover, if v(y,) = 0 for some y, € R3, then
(=AY’ v(yy) = 0 and by (2.1), we have

bl

C(s) v(yo +¥) + v(yy — ¥) — 2v(yy) 4
y

—A N —
ayet0 === i

therefore,

+y)+ -
/ v(yo+y)+v(yy—¥) dy=0.
R3

|y|3+2s

yielding v = 0, a contradiction. O

The following lemma describes a comparison between the mountain pass values for different parameters a, b, ¢ > 0, which
will play an important role in proving the existence results in Section 4.

Lemma 3.3. Leta; > 0and b; > 0,j = 1,2, witha; < ay,by 2 by and ¢\ > ¢;. Then y, o, < Yq4,p,c,- In particular, if one of
inequalities is strict, then 'y, p .. < Ya,pyc,-

Proof. Letu € N, . be such that

2byey

Yayhye, = (Bu).

Loy, @) = I})lzaéi Losbse,

Letuy = 0yu be such that 7, , . (ug) = max 7,5, , (Ou). One has

yazbzcz = Iazbzcz(u) 2 Iazbzcz (u())

1 1 -
= Ty 0) + 3 (02— ) [ wPax (5, =) [ Flug)ax+ (=) [ e
R3 R3 R3

s
2 yalblcl'

The second part can be obtained similarly. Thus, we complete the proof. O

4 | EXISTENCE OF GROUND STATE SOLUTIONS

In the section, we will prove the existence of ground state solutions to the sytem (2.2). Observing that for any xp € Cp, we set
Vix)=V(x+ Xp), P(x) = P(x + xp) and O(x) = O(x + x p). Clearly, if @(x) is a solution of

(=AYii + V(ex)i + ¢pii = P(ex) f (@) + O(ex)||>2d, in R3,
(—A)¢ =%, in R3,
then u(x) = @i(x — x p) solves (2.2). Thus, without loss of generality, we may assume that
Xp = 0e CP,

SO

00) = Qs PO)=P, and v :=V(0) < V(x)forall |x| > R. @.1)

Lemma 4.1. limsup, ¢, <7,p,0, . -

Proof. Denote V?(x) = max{a, V(ex)}, Pgb(x) = min{b, P(ex)} and Qi (x) = min{c, Q(ex)}, where a, b, ¢ are three positive
constants. Define the auxiliary functional as follows:

begy o L ok 1 2 1 2 b 1 2
I%u) := 5 . '(—A)2u| dx + 3 . VEA(x)u~dx + I . (,z')Lu dx — . P’(x)F(u)dx — Z . O:(x)|ul* dx,
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for any u € H*(R?), which implies that 7, (1) < 7°%(u), and thus y,;. < ¢, where c®* is the least energy of 79%. By the

definition of V,;,, Ppax and Q... We get VSV‘"“‘ (x) = V(ex), meax (x) = P(ex) and QSQ‘“'“ (x) = QO(ex). Therefore, we have

max

I:/;ninpmameax (u) — I& (u)’ (42)

and V™" (x) - V(0) = v, P/™ (x) - P(0) = Py, 0Z™(x) = Q(0) = Oy, 0n bounded sets of x as & — 0.

- Vinin Pmax @
Now, we claim lim sup, ¢, ™ ™™ <y, PoOmay

Indeed, let w be a ground state solution of 7, PoOma by Lemma 3.2, thatis, Z, Py 0,0 (W) =7, PoOuax’ then there exists 6, > 0

Vnin P Vinin P, . . . . Vinin P,
such that 6, w € N, ™" max Cinax , where N, ™" maxCmax js the Nehari manifold of the functional m maxOmax  Thys

Pmameax (ew).

V.. P Vanin P, Vini
cg min mameaX S Ig min mameax (66 w) = r;l>a.0X Ig min
One has

Vmianax max 1 Vmin
1’ On (@) =T, o (O0) + = (VE (x) — v)l@ewlzdx
Q¥ max 2 R3
Pax 1 Omnax 2%
+/ <PQ _p (x))F(Ggw) dx+ o [ (Qmax ~ 0§ (x)) 16, w|* dx. 4.3)
R sIR
By Lemma 2.4(ii), we can assume that §, — 6, as € — 0. Since w € Lz(lR3), for any = > 0, there exists a R > 0 such that

/ lw|?dx < .
R3\Bg(0)

Therefore,

/ (IQVmi"(X)—v>I0£w|2dx =/ <VEV”‘i"(x)—v>|90w|2dx+0(1)
R3 RrR3

- / <V£Vmi“(x) - v>|00w|2dx + / <V£V‘“i“(x) - v>|00w|2dx +o(1)
R3\ B (0) BRr(0)

< COt +o(1),

here we use the fact that VEVm*"(x) — vin x € Bi(0). Thus, we obtain
Vi 2
/ (Vg min () — v)|9£w| dx = o(1).
R3
Similarly, we have
P *
/R (P =PI (0)) FO,w) dx = o(1), /R (@max =070 )10, dx = o)

Thus, by (4.3), we have

Vmianameax
1, O.w) = IVpQQmM(GE w) +o(l) - IVpQQmaX(Qow) as € —0. “4.4)
Consequently
l/min PmaXQmax Vmianax Qmax
Ce < Ig (GELU) - IVPQQmax (HOLU) S Igza())( IVPQQmux (9“)) = IVPQQmax(w) = J/VPQQmax'
: Vmianameax s
From (4.2), we obtain c, = c,. This completes the proof. [

Next we only truncate the functional V'(x) and P(x) witha = vand b € (P,,, Py) and consider the truncated energy functional

TV (u) =1/ |(—A)§u|2dx+ 1/ VV(x)ude+1/ ¢’u2dx—/ Pb(x)F(u)dx—i/ O(ex)|u|> dx.
€ 2R3 2[R36 4R3 u R’jé 2? R3
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The corresponding Nehari manifold and least energy are N &Vb and 5:” , respectively.
We have an important lower bound for the least energy 56”’.

Lemma 4.2. ¢ > YvbOmar”

Proof. Since VE"(x) >v, Pgb(x) <bQO(ex)<Q

max?

inf ivb (/] > inf 1 0 ’
inf | max TYOw > _inf maxT0,, (00

which gives
~vb
CE Z beQmax.

This completes the proof.

Lemma 4.3. c, is attained at some positive u, for small € > 0.

from the characterization of the value y,,o . we know that

1855

(]

Proof. Similar to the arguments of Lemma 3.2, there exists a sequence {wn} C S, withY, (wn) - ¢, Y. (wn) — 0asn — co.
Letu, =m, (wn), by the definition of m,, we know u, € N, for all n € N. By Lemma 2.9, one has 7, (un) - ¢, I (un) -0
as n — oco. Moreover, we know that {un} is bounded in H, by Lemma 2.7. Assume that ,, — u, in H,, then by Lemma 2.2(ii)
and Lemma 2.3, we have I/(u.) = 0. If u, # 0, it is easy to check that 7, (u,) = c,. Next we show that u, # 0 for small £ > 0.
Assume by contradiction that there exists a sequence ¢; — O such thatu, =0, thenu, — 0in H,, and thus u,, — 0in L] (R%)

forr € [1,2%) and u,(x) - O a.e. in x € R3.

By (Al ) choose b € (P,,, Py) and consider the functional fg{’, where v is defined in (4.1). Let , > 0 be such that 6,u, €
J

J(fév_b, from Lemma 2.4(ii), {6,} is bounded. Assume 6, — 6, as n — co. By (A,) again, the set {x € R? : V,(x) <v} is

boujnded. Thus,

/R3 (VX(x) =V (g;x))10,u,*dx = / (v=V(g;x))10,u,|*dx = o(1).

{Ve(x)<v}

Similarly, since b > P, implies {x € R® : P,(x) > b} is bounded and f is subcritical growth, we have
/3 (P(e;x) - Pfj(x))F(enun) dx = o(1).
R.

Therefore, by (4.5)~(4.6) and T, (0,u,) < I, (u,), we have

& < 7(0,u,)

=1, (0,u,) + %/ (VX(x) =V (g;x))16,u,*dx +/ (P(e;x) — P’ (x))F(0,u,) dx
J R3 J

R3
=1, (6,u,) +o(1) < Z, (u,) + o(1),

which implies that 6:;’ ¢ asn— 0. Notice that ¢¥ jb 2 Yo, DY Lemma4.2. Thus, we have

YobQpax = Ce

In virtue of Lemma 4.1, letting £; — 0 yields

beQmax S J/VPQQmax.

4.5)

(4.6)

Applying Lemma 3.3 and the fact that b < Py, yield a contradiction. Therefore, c, is attained at some u, # 0 for small € > 0.

Moreover, similar to Lemma 3.2, u, is a positive solution of the system (2.2) and the proof is completed.

(]
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S | CONCENTRATION AND CONVERGENCE OF GROUND STATE
SOLUTIONS

In this section, we are devoted to the concentration behavior of the ground state solutions u, as ¢ — 0. We will prove the following
results.

Theorem 5.1. Let u, be a solution of the system (2.2) given by Lemma 4.3, then u, possesses a global maximum point y, such
that, up to a subsequence, ey, — x( as € = 0, lim,_,, dist(eyg, HP) =0and v, (x) :=u,(x + y,) converges in HS([R3) toa
positive ground state solution of

(=AY u+V (xo)u+du = P(xy) f@) + O (xo)lul>2u, inR3,
(—A)'¢ =u?, in R3.

In particular, if VNP N Q # 0, thenlim,_,y dist(ey,, YV NP N Q) =0, and up to a subsequence, v, converges in H* (IR3) toa
positive ground state solution of

(=AY u+ Vo + du = Py f @) + Q) 2w, in R,
(=AY ¢ = u?, in R3.

Lemma 5.2. There exists €* > 0 such that, for all € € (0, €*), there exist {y,} C R3 and R, 6 > 0 such that

/ uz dx > 6.
BR(.VE)

Proof. Assume by contradiction that there exists a sequence €; — 0 as j — oo, such that for any R > 0,

lim sup / u?_dx =0.
Iz yems S Briy)
Thus, by Lemma 2.3, we have

u, — 0in L"(R?) for2 < r < 2%,
J N

£

Thus, since the potential function P is bounded and (2.5), we have
/ P(qx)F(uE_) dx = 0, / P(ejx)f(uE)ua dx -0 as j— oo. (5.1
R3 J IR3 J J
Moreover, since 4s + 2t > 3, we have that 2 < % < 2’;, and by Lemma 2.1 (iii), we have

¢ u? dx >0 as Jj — oo. 5.2)

R3  Uej €

Notice that

S 2 2 1
= 3l 2, + 12 / o, dx—/ P(gjx)F<qu)dx+2—;k'/R3 P(e;x)f (, Ju dx.

Thus, by (5.1)-(5.2), we have
.

2, _ 3
/R3 Q(ejx)lugjl sdx = ;céj + o(1).

52 3
(=A)2u,, <SGt o(1).

Similarly, we have
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AS 2abc—</R3Q(ejx)

Thus, by the best constant of the Sobolev imbedding, we get

/R3 2a!xs/[RéQ(fj") j
= </R3Q(.gjx) e 2§azx>%</R3Q(ejx)

Moreover,

s 2%
(=48)2u,, ‘dx < o(1).

Ue

J

s 2%
(—A)iuej u, | “dx +o(1)

25

2% 3
‘ dx) +o(1)

u

&j
2 2
2% 2% * 3
= </ O ax |Ue dx) </3Q(£jx) U, dx) +o(1)
R
2
< Zmax / |(_A)2uE dx(/ Q(ij) U, dx> 4+ o(1),
s R3 R3 /
which implies
. N 35
IIJI_I_I) g)lf ¢, 2 —x S
3Qm22:X
a contradiction with Lemma 3.1 and Lemma 4.1. |
Set v, (x) :=u,(x+ y,), then v, satisfies
(=AY 0, + V(e(x + ¥y, + ¢}, v, = P(e(x + y)f (0) + Oex + y Do, > o, (5.3)

with energy

J.(v,) = %/3 |(—A)%Ug
R

2 1 2 1 ‘o2
dx+ = V(s(x+y5))uS dx + - ¢ vidx
2 Jr3 4 Jp3 Ve €
1 .
- / P(e(x+ y )F(v)dx — o / O(e(x + y))|v > dx
R3 2s R3

= J.0,) - %w;(vg), 0.)

1 s

1 / P(e(x + yO)f (W), — 4F(0)] dx +
IR3

2
dx+ 1 / V(e(x + y,)v* dx
4 R3

4s
1

22 [ ottty Fax
R3

=1,(u,)- %(l;(ug), u)=1.(u,)=c,.
We may assume v, — uin H,, and v, — win L] (R?) forr € [1,2}) withu # 0.
By condition (AO), without loss of generality, we may assume that V(ey,) = V,, P(ey,) = Py and Q(ey,) = Qg as € = 0.
Lemma 5.3. u is a positive ground state solution of
(=AY u+ Vou + ¢'u= Py f () + Qplul*u, in R>. (5.4)
Proof. By (5.3), for any ¢ € C° (R%), there holds that

0=1lim [ ((-A)v, +V(e(x+y)v, + ¢, U = P(e(x +y))f (0) = Qe(x + y))lv, %20, )@ dx. (5.5

e—-0 Jp3
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Since V', P, Q are all continuous and bounded, we have

/ Viex+y)v,pdx = VO/ updx, / PEex+y))f(v)pdx — PO/ fwedx
R3 R3 R3 R3
and
/ Oe(x + y))|v > v, @dx > O / |ul*2ug dx,
R3 R3
which combined with (5.5) implies that
(=A)’u+ Vou + (,bLu =Pyf(u)+ Qolulzj_zu, in R3,

that is, u solves (5.4) with energy

1 s 2 1
IVOPOQO(M):E/[R3 ‘(—A)Zu’ dx+§V0/[R3 2dx+4/ ¢ de—PO/ F(u)dx——QO/ lul%dx

=Ty, p,0,) — (IVO Py0, - u)

:l/ ‘(—A)%u’2dx+lVO/ uwldx + PO/ [f(u)u—4F(u)]dx+
4 R3 4 R3

Qo/ |u| % dx

2 YV, 0y

By Fatou’s lemma and the proof of Lemma 4.1, we have

1 s 2 1
YoPy0y < Z/Rs |(—A)2u| dx + ZVO/ wdx + = PO/ [f(Wu—4Fw)]dx +

<hm1nfl / ’( A)ZU
R3

~30, / || dx

/ V(e(x + y))v? dx + 1 / Pe(x + y)f (), —4F(v,)] dx
R3 4 R3

o> dx]
= liminf J,(v,)
e—0
<limsup 7, (u,)
e—0
< VR0
Consequently,
lm 7,00 = i, = Tyyn0,60 = o, 56
Thus, u is a ground state solution of Equation (5.4). As in the proof of Lemma 3.2, u is positive. O

Lemma 5.4. {ey,} is bounded.

Proof. Suppose to the contrary that, after passing to a subsequence, |ey,| — oo. Since P(0) = Py and v = V(0) < V' (x) for all
|x| > R, we deduce that By < Py and v < V. So it follows from Lemma 3.3 that yy, p o > 7, PoOuay” However, by (5.6) and
Lemma 4.1, ¢, = vy po, <7 PoOpax’ which is a contradiction. Therefore, {ey, } is bounded. O

After extracting a subsequence, we may assume €y, — X as € — 0, then V;; = V(xo), Py = P(xo) and Q, = Q(xo).

Lemma 5.5. lim dist(ey,, Hp) = 0.
£—
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Proof. Tt suffices to show that x, € Hp. We argue by contradiction, if x, & Hp, then it is easy to check that
YV (x0)P(x)Q(x) > TvPoOue DY (A1) and Lemma 3.3. Therefore, by Lemma 4.1, we have

which is absurd.

Lim e = ¥y (x) Px)Qxg) > VvPoQpey 2 1M e

Lemma 5.6. v, — uin H*(R?).

Proof. Recall that u is a ground state solution of (5.4), we have

/ ’( A)iu

Consequently,

Similarly, we have

Notice that

Thus

([l
R3

dx<hm1nf / |( A)zv dx
2
< limsup — /i( A)ZU dx
e—0

< limsup = /)( A)zv

e—0

1
1 /R3 V(e(x + y)v* dx — ZVO/R3 WPdx

+ liminf l-/ Ple(x+y)If(v,)v, —4F(v,)]dx — lPO-/ [f(Wu—4Fw)]dx
e=0 4 R3 4 R3

3 *
o / ul? dx
R3

1/ V(e(x+yé))ugdx
4 R3

+ lim 1nf

e—0

< limsup / |( A) U,
=0

+ l/ Pe(x +y DI f(v)v, —4F(v)]dx +
R3

/ O(ex + y)|v, [ dx

: 22 [ ot dx]

3 0Oy / |u|* dx
R3

1 2 1 4s —
- = — —-P, —4F -
4V()/R3u dx 2 0/R3[f(u)u ()] dx v

= i/w ’(—A)%urdx

s 2
lim/ |(—A)iv£
e—0 Jr3

s 2
_/ ’(—A)2u| dx
R3
lim / V(e(x + y )l dx =V, / uldx.
-0 R3 R3
lim </ V(e(x+y,))vrdx — VO/ ugdx> =0.
e—0 R3 R3
/ u2dx}—/ |(—A)%u2
2 =
R3 R3

dx+VO/ u’dx.
R3

Together with v, — u in H*(R?), we have v, — uin H*(R?).

(]

To establish the L*°-estimate of ground state solutions, we first recall the following result which can be found in [13, (5.1.1)
and (5.1.2)]. (See [42] for the proof.)
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Lemma 5.7. Suppose thatg : R — R is convex and Lipschitz continuous with the Lipschitz constant L, g(0) = 0. Then for each
u€ HS(R%), g(u) € H*(R?) and

(-A)’gw) < g'w)(-A)'u (5.7)
in the weak sense.

Remark 5.8. In fact, from the above arguments, one can see that (5.7) holds for a.e. x € R3. Moreover, Lemma 5.7 is true for
general dimension N.

The following lemma plays a fundamental role in the study of behavior of the maximum points of the solutions, whose proof
is related to the Moser iterative method [23].

Lemma5.9. Lete, — 0 and Ve, be a solution of the following equation
(=AYv, +V (es(x + 3., ))ve, + 6, v, = Ples(x+,,))f (ve,) + Olen(x+ 7)) v 15720, . in R, (5.8)
where y, is given in Lemma 5.2. Then v, € L*® (IR3) and there exists C > 0 such that
||v£n lo £ C, uniformly in n € N.

Moreover, Ve U in Lq(R3), for all g € [2,+).

Proof. For simplicity of notations, we denote v, and y, by v, and y,, respectively. Define
h(x,v,) 1= P(e,(x + y, ) f(0,) + Oe,(x + y )0, 1520, = V(e,(x + y,)0, = &, v,
From Lemma 5.6, {v, } is bounded in H*(R?), and hence in L4(R?) for any g € [2,2*]. So there exists some C > 0 such that
loll, < €.,

uniformly in n. Since v,, is a solution of (5.8), then

2 2 2
vi(y) vi(y) vi(y)

¢}, (%) =/ — dy:/ — dy+/ — 5 4
" R |x = yI {lx=yl<1} |x =yl {lx=y>1} |x = Y[

2
v (y)
S/ ﬁdY*'/ v%(y)dy
{lx—yl<1} |X = Yl {Ix=y|>1)

1 1
s</ —132 ,dy>r</ uﬁf(y)dy>’+c
{lx—yl<1} |x = y|G=20r {lx—yl<1}

ch

where /(3 —21) < 3, 2r € [2,2], % + L = 1 since 25 + 2¢ > 3. Therefore, we have

|G, 0] < C (ol +10,7") < €1+ 10,1571). (5.9
Let T > 0, we follow [13] and define
0, if 6 <0,

H(0) =16°, if0<0<T,

TP YO -T)+ TP, ifo>T,
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with # > 1 to be determined later. Since H is convex and Lipschitz with constant L, = fT#~! and H(0) = 0, by Lemma 5.7,
we have H(v,) € D2 (IR3) and

(-AYH(v,) < H'(v,)(-A)’v, (5.10)

in the weak sense. Thus, from H(v,) € D*?(R?), the self-adjointness of the operator (—A)*/? and (5.9)—(5.10), we have

1@ <€ [ [car e[ ax=c [ He)-a)HE, dx
s R3 R3

SC/ H(Un)H,(Un)(—A)SUn dx:C/ H(Un)H/(Un)h(x, v,)dx
R3 R3
<C / H,)H'(v,)dx + C / Hw)H' (v, " dx.

R3 R3

Using the fact that H(v,)H'(v,) < ﬁzvﬁﬁ_l and v, H'(v,) < BH (v,), we have

Z ,
</ (H(Un))zidx> g 5Cﬁ2</ uﬁﬂ—‘dx+/ (H(un))zuifzdx>, (5.11)
R3 R3 R3

where C is a positive constant that does not depend on f. Notice that the last integral is well defined for T in the definition of
H . Indeed

/ () un = / (@) s / (Hw,) vy dx
" (0T

{0,>T)

2% 2%
< T2ﬂ_2/ vn"dx+C/ v, dx < 0.
R3 R3

We choose now f in (5.11) such that 2 — 1 = 27, and we name it f, that is

2T +1
ﬁl - 2

) (5.12)

Let R > 0 to be fixed later. Attending to the last integral in (5.11) and applying Holder’s inequality with exponents y := % and
r.o_ %
=g

/ (H(Un))%i?_za’x B / (H(U"))zvii_de * / (H(vn))zvij_zdx
" {v,<R}

{v,>R}

2
H "
S/ ) Mﬁzf‘ldx+</ (H(vn))z“dx>
{v,<R}  Un R3

By the monotone convergence theorem, we can choose R large enough so that

"
2 -2

(/ u,,de> . (5.13)
{va>R)

23

* 2;‘
< / uifdx> < _,
{va>R) 2Cp

where C is the constant appearing in (5.11). Therefore, we can absorb the last term in (5.13) by the left hand side of (5.11)

to get
2
* * Ak H n
</ (H(v,,))z“'dx> 520/}%(/ vi“dx+R2s_l/ de)
R3 R3 R3 Un

3
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Now we use the fact that H(v,) < vgl and (5.12) once again in the right hand side and we take T — oo we obtain

2
* f * - *
</ uﬁfﬂldx> szc;sf(/ uﬁde+R2r‘/ uisdx>,
R3 R3 R3

v, € L5P(R?), forall n, (5.14)

and therefore

and
”Un”2;fﬂ1 <C, (5.15)

uniformly in n.
Let us suppose now f > f,. Thus, using that H(v,) < Uﬁ in the right hand side of (5.11) and letting ' — oo we get

2
</ Ui‘tﬁdx> - scﬁ2</ uﬁﬁ—ldx+ﬁ2?—1/ Uiﬂ+2"_2dx>. (5.16)
R3 R3 R3

2%(2F -1 . . . . .
1@ andr| :=2f — 1 — ry. Notice that, since # > f;, then 0 < r, < 27,r; > 0. Hence, applying Young’s inequal-

2(p-1)
ity with exponents y :=2%/ryand y’ :=2¥/2% — ry, we have

r 2* 2a< *A'_r
/viﬂ_ldxs—o/ v, dx + — /Uj“ Odx
2% 2% —r 3
R3 s JR3 s “ToJR
2% 2p+2% -2
S/ u,fdx+/ vnﬂ * dx
R3 R3
2p+2% -2
§C<1+/ vnﬂ s dx>,
R3

with C > 0 independent of f. Plugging into (5.16),

2
* 22‘ *
</ Ui“ﬂdx> ‘ 50/32<1 +/ v 2dx>,
R3 R3

with C changing from line to line, but remaining independent of g. Therefore

1 1
* 25— 1 _ *_ 21
<1+/ Ui“’ﬁdx> < (Cﬂ2)2<ﬂ—1><1+/ s 2dx> . (5.17)
R3 R3

Repeating this argument we will define a sequence f,,, m > 1 such that

Setro =

2B +25—2=275,.

Thus,

2* m
Bny1 — 1= <?S) (B —1).

Replacing it in (5.17) one has

1

1
2% 2 Bps1-D R — o 2 Bn=1)
(1+ [ era) T < gt 5o (14 [ a) T
R R
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Defining C,, | := CﬂiH and

1

2% 25 (Bm—1)
A, = <1+/ U,,“ﬂ'"dx> .
R3

1
App1 < (Cm+1)2(ﬁ’”+1_1)14m, m=1,2,....

So

Now from an iterative procedure we conclude that there exists a constant C, > 0 independent of m, such that

m 1
A, <J]c” " A <A, forall m.
k=1

Thus, from (5.14),
loullee < CoA; < 0, (5.18)
and hence v, € L (R?). By (5.15),
loulle < C, (5.19)

uniformly in n € N, Finally, by interpolation on the L9-spaces and v, — u in L2( [R{S), we have v, — u in L9 (RS), for all
q € [2,+00). This finishes the proof of Lemma 5.9. O

Lemma 5.10. v,(x) — 0 as |x| — oo uniformly in n.

Proof. Since v,, satisfies the equation

(-Av,+v,=Y,, xeR’,
where

Y, () = 0,(0) = Ve, (x + 3,))0,(0) = b, 0,6 + Pley(x + y,) (0,() + Qley(x + 3,y (). x € R,
Putting Y (x) = u(x) — V (xo)u(x) — ¢ u(x) + P(x) f w(x)) + O(x)u* ' (x), by Lemma 5.9, we see that
Y,— Yin Lq(R3), forall g €[2,+00),

and there exists a C, > 0 such that

Y, )l £ Cy, forall neN.

From [15], we have that
0, =G % X, = / G= DY, 0)dy,
R\

where G is the Bessel kernel

—r(—L >
o) <1+|:|2s

It is known from [15, Theorem 3.3] that, G is positive, radially symmetric and smooth in IR3\{O}; there is C > 0O such that
gx) < W%’ and G € L1 ([R3), forall g€ [1, ﬁ) Now argue as in the proof of [1, Lemma 2.6], we conclude that

v,(x) >0 as |x| > oo, (5.20)

uniformly in n € N. O
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Proof of Theorem 5.1. First we claim that there exists a p, > 0 such that [[v,]|, > py, forall n € N. In fact, suppose that
llv,lleo = 0 as n — oo. Then, by (2.5), we have

/.
< / |82,
R3

= / P(e,(x + y,)) f(v,)v, dx + / O(e,(x + y,))|v,| % dx
R3 [R3

(-A)2u,

2
dx + / Ve, (x+ yn))uidx
R3

2
dx+/ V(en(x+yn))vidx+/ qﬁ’v Uidx
R3 R3 "

2*
<Py | C(Ud+0P)dx+Qpy [ vdx
R3 R3

2 2 —2 2 2%-2 2
< CPmaxnvnnm/%u,, dx + C Py 10,1175 / 02 dx + Oy 1,113 / oy dx
R- R R-

2 -2 22 2
(C Pl + CPo o2 + Qi) [ 2 an
R

sh/ v dx
2 R3 n

for n large enough. This implies that ||v,|| = O for n large enough, which is impossible because v, — u in H*(R?) and u # 0.
Then, the claim is true.

From [32, Proposition 2.9], we see that v, € C'%(R?) for any a < 2s — 1. Thus, we know that v, has a global maximum
point p, by (5.20) and the claim above, we also see that p, € B RO(O) for some R, > 0. Hence, the global maximum point of
U, given by p, + y,,. Define y,(x) := ug (x+y, + Dy), Where ugn(x) =v,(x+y,). Since {p,} C BR0 (0) is bounded, then we
know that {¢,(p, + y,)} isbounded and ¢ ,,(p, + ¥,) = x; € Hp. It follows from the boundedness of {usn} that {y,, } is bounded
in H*(R?), and we assume that y, = y in H*(R3), y,, - win L! (R?) for g € [1,2¥). On the other hand, by Lemma 4.1,

loc
we have

/ y/f(x) dx > / ) wf(x) dx = / u? (x)dx > o,
Brir,© {lx+p,|<R} Bp(y,) "

so we obtain y # 0. Moreover, similar to the argument above, we know that y is a ground state solution of (5.4) and y,, — y in
H* (R3). Therefore, y,, possesses a same properties as v,, and we can assume that y, is a global maximum point of u, . Then,
by Lemma 5.2-5.6 above, one can obtain Theorem 5.1. O

6 | DECAY ESTIMATES

In this section, we estimate the decay properties of v,,.
Lemma 6.1. There exist C > O such that

C

W, forall X € R3.

v,(x) <

Proof. According to [15, Lemma 4.2], there exists a continuous function @ such that

C

and
S = Vmin — : 3
(-A)Y’ o + @ =0, inR’\B3(0) (6.2)

2



YANG ET AL. MATHEMATISCHE 1865

for some suitable R > 0. Thanks to (5.20), we have that v,(x) = 0 as |x| — oo uniformly in n. Therefore, for some large R; > 0,
we obtain

(=A)v, + V;ﬁn v, = (=AY 0, + V (e, (x + y,)v, — (V(en(x +y,) - %) o

* Vmin
= =@y, U+ Pey(x + 3,))f (0,) + Qe (x + v )0, %0, - <V(e,,(x + ) = =5 )u,,

N V..
3 —1 2%-2 min
< <CPmax(Un+Uﬁ )+Qmax|vn| s Un——2 >Un

_ 222 Vi
= <CPmaX(Ui + 0P 2) + Onaxl’ = ;‘“)yn

IA

0, (6.3)
for x € IR*Q’\BR1 (0). Now we take R, := max {R, R]} and set
z, = (m+ i - bv,, 6.4)

where m := sup,ep |V, |l < o0 and b :=ming, ) @ > 0. We next show that z, > 0 in R3. For this we suppose by contradic-
2

tion that, there is a sequence {xﬁ} such that

inf z,(x)= lim z,(x/) <O0. (6.5)
xeR3 Jj—ooo

Notice that

lim @(x) = 0.

|x]—00
Jointly with (5.20), we obtain

lim z,(x)=0,
|x]—00

uniformly in n € N. Consequently, the sequence {xﬁl} is bounded and therefore, up to a subsequence, we may assume that

J

n = X, as j — oo for some x) € R3. Hence (6.5) becomes

X

n

z,(xk) = inf z,(x) <0. (6.6)
xeR

From (6.6) and (2.1), we have

LC) [ 2l )+ 2, = 9) = 22,(x;)

(—A)Szn(x:) = > s TS dy <0. (6.7)
By (6.4), we get
z,(x) >mb+&—mb>0, inB(0,R,).
Therefore, combining this with (6.6), we see that
X% € R?\ By, (0). (6.8)

From (6.2)—(6.3), we conclude that

V..
(-A)'z, + ; z, 20, inR*\Bg (0). (6.9)
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Thinks to (6.8), we can evaluate (6.9) at the point x:, and recall (6.6), (6.7), we conclude that

0 < (=A)z,(x*) + %zn(x:) <0,

this is a contradiction, so z,(x) > 0 in R3. That is to say, v, < (m+ b~ @, which together with (6.1), implies that

C 3
v(x) < ————, forall xeR’.
"( ) 1+ |x|3+25

Then the proof is completed. |

Proof of Theorem 6.2. Define @, (x) := u, (=), then w, is a positive ground state solution of the sytem (1.1) and x, :=¢,,
is a maximum point of ®,, and by Theorem 5.1, we know that the Theorem 1.2(i), (ii) hold. Moreover, we have

1_y
g, "

3425

w,(x) =

|
<
S
N
D=
N~
1l
&
N

IN

1+

E
£, Yn
3+2s

Ce;,

e 4 |x —g,y,3+2s

342s
Ce;, 3
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Thus, the proof of Theorem 1.2 is completed. [
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