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Geometrically distinct solutions of nonlinear elliptic systems
with periodic potentials
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Abstract. In this paper, we study the following nonlinear elliptic systems:

—Auy + Vi(z)ur = Oy, Fz,u) xr € RY,

—Aus + Va(x)us = Oy, F(z,u)  x €RY,
where © = (u1,u2) : RN — R?, F and V; are periodic in z1,...,zy and
0¢o(—A+V) for i = 1,2, where o(— A 4 V;) stands for the spectrum
of the Schrodinger operator — A + V;. Under some suitable assumptions
on F' and V;, we obtain the existence of infinitely many geometrically

distinct solutions. The result presented in this paper generalizes the result
in Szulkin and Weth (J Funct Anal 257(12):3802-3822, 2009).

Mathematics Subject Classification. 35J47, 35J50.

Keywords. Nonlinear elliptic systems, Geometrically distinct solutions,
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1. Introduction and main results. In this paper, we study the multiplicity of
solutions for the nonlinear elliptic systems:
—Auy + Vi(2)uy = fi(x,u), r € RV,
—Aus + Vo(x)us = folx,u), r € RV,
where f := (f1,f2) = Ou,F and F : RY x R? — R. This type of systems

arises when one considers standing wave solutions of time-dependent 2-coupled
Schrédinger systems of the form

% = — A¢y + ar(z)dr — g1(z,|¢]) 1,
992 = — Ago + as(x)da — g2(, |]) b,

where ¢ = (¢1, ¢2), ¢ is the imaginary unit, a;(z) is a potential function, g; is
a coupled nonlinear function modeling various types of the interaction effect

(1.1)

(1.2)
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among many particles. System (1.2) has applications in many physical prob-
lems, especially in nonlinear optics and in Bose—Einstein condensates theory
for multispecies Bose-Einstein condensates (see [1,10,14]). A standing wave
solution of system (1.2) is a solution of the form

oi(z,t) 7i)‘itui(z), A €R, t>0,

=e
and (uy, usg) solves the system (1.1) with V;(z) = a;(z)—X;, fi(z,u) = gi(z, |u|)u;
fori=1,2.

System (1.2) has been studied by some authors quite recently. In a bounded
smooth domain  C R, the similar systems were extensively studied by some
authors, see for instance [3,5-7,19] and the references therein. The problem
settled on the whole space R was also considered recently in some works.
One of the main difficulties of this problem is the lack of the compactness of
the Sobolev embedding. And the second difficulty is that the negative definite
space of the quadratic form which appears in the energy functional is infinitely
dimensional, i.e., the energy functional is strongly indefinite. There are many
different conditions and methods involved to avoid these difficulties, we refer
to [4,8,9,16,24,25] and the references therein.

Recall that the spectrum o(—A + V) of —A + V is purely continuous
and may contain gaps, i.e., open intervals free of spectrum (see [18]). In [21],
Szulkin and Weth considered the following Schrodinger equation:

— Au+V(z)u= f(z,u) z € RY, (1.3)

and proved that Eq. (1.3) possesses a ground state solution under the assump-
tion 0 ¢ o(— A + V). Later, Mederski [12] considered the system of coupled
Schrodinger equations as follows:

—Au; + Vi(z)u; = 0y, F(z,u), zeRYi=1,2,... K,

where F' and V; are periodic in 2, 0 ¢ o(— A+V;),i =1,2,..., K, and proved
the existence of a ground state solution based on a new linking-type result
involving the Nehari-Pankov manifold.
Inspired by the above facts, more precisely by [12,21], the aim of this paper
is to study the existence and multiplicity of nontrivial solutions to system (1.1)
via variational methods. As far as we know, it seems that this problem was
not considered in literature before.
We assume that V' and f satisfy the following hypotheses:
(V) V; € C(RN | R), 1-periodic in x1,...,zxn, and 0 ¢ o(— A+V;) fori = 1,2;
(f1) fi : RY x R? — R is continuous with respect to the second variable,
1-periodic in z1,...,TN;
(f2) there are 2 < p < 2* = ﬁ and c¢g > 0 such that |f(z,u)] < co(1 +
lu[P~1) for all (z,u) € RN x R?;

(f3) \h|m0 W =0 and ‘ llim Fl(ff‘;") = oo uniformly in z € RY;
(fa) 3f(z,w)u> F(z,u) >0 for all (z,u) € RY x R*\{0};
f5) if f(z,w)v = f(x,v)u > 0, then F(z,u) — F(z,v) < (f(w,u);;zm—ij;ii,u)vf.

If in addition, F(z,u) # F(x,v), then the strict inequality holds.
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We note that if ug is a solution of (1.1), then so are all elements of the orbit

of ug under the action of ZV, O(u) := {u(- — k) : k € ZN}. Two solutions u;

and ug are said to be geometrically distinct if O(uq) and O(usg) are disjoint.
We now describe our main result.

Theorem 1.1. Assume that (V') and (f1)-(fs) hold, then the following conclu-
sions are true:

(i) system (1.1) has a ground state solution;

(i) if in addition F is even in u, that is, F(x,u) = F(x, —u) for any (z,u) €
RY x R2, then system (1.1) admits infinitely many pairs of geometrically
distinct solutions.

Remark 1.1. The condition (f5) was first introduced by Bartsch and Mederski
[2] to study the time-harmonic Maxwell equations and then as used in [12]
for a Schrodinger system where our first conclusion was covered. In fact, this
condition can be regarded as a vector version of the following monotonicity
condition :

_ fw

lu

is strictly increasing on (—o0,0) and on (0, ),

so that assumptions (f;)—(f5) are more general than those in [21].

Remark 1.2. Here is an example which satisfies the assumptions (f1)—(fs). For
example, F(z,u) = I'(z)|Mu|? for q € (2,2*), where I' € L>=(R") is 1-periodic
in xzq,...,zyN, positive, and bounded away from 0, M € GL(2) is an invertible
2 x 2 matrix.

In the present paper, we are concerned with the existence of infinitely many
solutions of (1.1). The main technical difficulty we need to overcome is that
the energy functional is strongly indefinite. On the other hand, since f is only
continuous, M (see Section 2) may not be of class C! in our case, so we
cannot use standard arguments on the Nehari manifold in the standard way.
To overcome the nondifferentiability of the Nehari manifold, we shall use the
reduction method developed by Szulkin and Weth [21,22].

2. Variational setting and preliminaries. First, (f2)—(f3) imply that for every
€ > 0, there is C. > 0 such that, for all (z,u) € RY x R2,

(2 0)] < elul + Colu ™t and |[F(z,u)| < elul® + Coul. (2.1)
Since 0 ¢ o(— A +V;), the spectral theory implies that there exist continuous
projections P" and P, onto E:r and F; , respectively, such that I HRYN) =

Ef @ E; for i = 1,2 (see [17]). Denote Pu = u¥ for u € H'(RY) in the
sequel. Moreover, we introduce new inner products in H!(RY) by
(u,v); = /Vuj‘Vv;" + Vi(x)uf v do — /VU;VUZ-_ + Vi(z)u; v; dz
RN RN

and norms given by ||ul); := ((u,u);)2 for i = 1,2, which are equivalent to the
H'-norm. Let

EtY:=Ef xEf, B := E] x E;,
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and observe that any u € F := H'(RV) x H'(R") admits a unique decompo-
sition u = ut +u~, where ut = (uf,uj) € E* and u™ = (uj,uy ) € E~. We
introduce a new norm in F given by
2 2
lall = (a1 + Nl 1) = D lall?.
i=1 i=1

Thus, the energy functional ® corresponding to (1.1) is given by

2
1
@(u):QZ/|VUi\2+‘/¢(x)|ui\2dzf/F(x,u)dx
=1y

RN

2
1 _
=5 2 (e = 7 ) = [ Fa e
i=1 RN
1 1
= gl P = 5l P = [ P,

RN
which is of C'-class and its critical points correspond to solutions of (1.1).

In order to look for the ground state solutions of system (1.1), we consider
the following set

M:={ue E\E™ : ?(u)u =0 and ®'(u)v =0 for all v € E~ },

which has been introduced by Pankov [13]. Clearly, M contains all nontrivial
critical points of ®.
We consider the following minimizing problem:

= inf ®(u).
€0 uIEHM (u)

Since ¢y is the lowest level for ® at which there are nontrivial solutions of (1.1),
ug will be called a least energy solution or ground state solution.
Before proving our result, we need some preliminary lemmas.

Lemma 2.1. Let u € E,v € E~, and s > 0 with u # su+ v, then

827

P(u) > ®(su+v) — @' (u)( 1u+3v).

Proof. Let u,v, and s be as in the statement. Then we need to show that
s2—1

2

P(su+v) — @' (u)( u+ sv) — ®(u) = f%HUHQ + /gp(s,x)dm <0, (2.2)
where
2

o(s,x) := f(x, u)(gu + sv) + F(z,u) — F(x,su+ v).

0 for s > 0 and z € RY. Without loss of
0. Then by (fy4), we have ¢(0,2) < 0 and it

We first claim that ¢(s,z)
generality, we assume that u
follows from (f2) that

2
<
£

lim ¢(s,z) = — 0.
§— 00
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Let so > 0 be such that ¢(sg,x) = max ©(s,x). We may assume that sop > 0
and thus d,¢(so, #) = 0. Therefore,
flz,u)(sou+v) = f(z, sou + v)u.

If f(z,u)(sou+v) <0, then by (fy),

2
—s5—1

2

(50, 7) = F(a,uhu + sof (2,u) (sou + v) + Fla,u) — F(a, sou +v)

2
< —%f(x,u)u—F(m,sou—i—v)

<0.
If f(z,u)(sou+v) > 0, then by (f5),
3 — xz,u)u)? — z,u)(sou +v 2
lo0:2) < o) (St sgn) 4 LEDT U0 00 10)
_ U@y
2f(z,u)u
<0.

Then we infer that ¢(s,z) <0 for any s > 0 and z € RY. If v # 0, then (2.2)
holds.

Now we consider the case v = 0. If there exists so > 0 and sg # 1 such that
(s, z) = Iglggup(s,x), then 04(sg,x) = sof(x,u)u — f(x, sou)u = 0. Thus, it

follows from (f5) that

2
-1
o(sp,z) = 802 fz,w)u+ F(z,u) — F(x, sou)
2 2 2
sp— 1 (f (z, w)u)® = (f(z, u)(sou))
<73 fl@,upu+ 2f(z,u)u
= O’
which implies that (s, z) has only one maximum point at s = 1. Therefore,
ols,2) < p(1,7) = 0. O

From Lemma 2.1, we have the following lemma.
Lemma 2.2. Let u € M,v € E—, and s > 0 with u # su + v, then
D(u) > P(su+v).
We define for any u € ET\{0},
E(u):= E~ & RTu.
Thus, Lemma 2.2 implies that « is the unique global maximum of q)’ Blw)

Applying Lemma 2.2, we can prove the following results, we omit the proof
here.

Lemma 2.3. (i) There is a constant p > 0 such that i/r\l/lf@ > igf(b > 0, where
Sy = {ue B : [lul = p}.
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(i) |Ju™|| > max{\/2co, |u||} > O for every u € M.

Lemma 2.4. If W is a compact subset of EY\{0}, then there exists R > 0 such
that ® < 0 on E(u)\Bgr(0) for each u € W.

Proof. Assume that this is not true. Then there exist sequences {u,} C W
and w,, € E(u,) such that ®(w,) > 0 for all n € N and ||w,|| — o0 as n — oo.

By the compactness of W, we can assume that u, — u € W, ||ul]| = 1. Set
Uy = —ngn = Spuy, + v, , then
D (wy,) F (T, wn), o
=—(s; — d 2.3
— HwnH2 2(871 ”/Un || n|2 | ’ﬂ| €Ly ( )

which implies that [|Jv, ||? < s2 =1— ||v,j\|2. So ﬁ < 8, <1 and then, up to
a subsequence, s, — 5 > 0,v, — v, and v, (z) — v(z) for a.e. x € RV. Thus
v=su+v" #0.Set Q:={z € RY :0v(x)#0}. Then meas(Q) > 0. Hence,
for z € Q, |w,(x)| — 400. Consequently, by Fatou’s lemma, one has

F n F ) n
/Mh)n\zdx > /Mmﬁdw — oo,
QO

| TTwal? wa?
R

which is a contradiction to (2.3). This completes the proof. O

As a consequence of Lemmas 2.2-2.4, one has

Lemma 2.5. For any w € E\E~, the set M N E‘(u) consists of precisely one
point m(u) which is the unique global mazimum of (I)|E(u)'

Lemma 2.6. ® is coercive on M, i.e., ®(u) — 0o as ||u|| — oco,u € M.

Proof. If the conclusion is false, then there exist a sequence {u,,} C M such
that |lu,| — oo and ®(u,) < d for some d € [cg,00). Let v, = a2y Then,
up to a subsequence, v,, — v in E and v,(x) — v(x) for a.e. in z € RY. By
Lemma 2.3(ii), ||, ||* > 4. By Lions’ concentration principle [11, Lemma 1.1],
it is not difficult to check that {v;} is nonvanishing, that is, there exist 7,d > 0
and a sequence {y,} C R such that

/ [of|2dx > 6.

Br(yn)
By the assumptions of periodicity, we may assume that {y,} is bounded in
ZN . Thus, up to a subsequence, one has v;7 — v+ in L2 (RY) with v+ # 0.

loc

Set O = {z € RY : v(x) # 0}. Then meas( ) # 0 and |u,(x)| — oo for each
x € Q. It follows from (f3) and Fatou’s lemma that

(z,un) F(x,up) 9
| e T Tl (el oo

and therefore,

(I)(un) 1 — F(xvun)
0< T = S P = o 1)~ [ s - —oo
N

[[n [
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as n — 00, a contradiction. O

Lemma 2.7 (see [21]). The map m : ET\{0} — M is continuous, and the
restriction of the map 1 to ST is a homeomorphism with inverse given by

m:M— ST, m(u):i,
[[ut ]|
where ST :={u € E* : |ju| = 1}.
Define the mapping ¥ : Et\{0} — R and ¥ : St — R by
U(u) = ®(m(u) and U = ¥|gs,

which are continuous by Lemma 2.7.
By [21, Proposition 2.9 and Corollary 2.10], we have the following Lemma 2.8.

Lemma 2.8 (see [21]).

(i) ¥ e CHET\{0},R), and V' (w)z = ||m|‘($|)‘+“<l>’(m(w))z forw,z € EY w #
0.
(ii) T e CY(ST,R) and for each w € ST, one has

U (w)z = [[m(w)||® (m(w))z for all z € T,,(ST) = {v € E* : (w,v) = 0}.

(iil) If {wn} is a (PS)-sequence for ¥, then {rm(wy)} is a (PS)-sequence for
P.

(iv) w € ST is a critical point of ¥ if and only if m(w) € M is a critical
point of ®. Moreover, the corresponding values of ¥ and ® coincide and

inf U = inf .
S+ M

3. Proof of the main result. Now we are in a position to give the proof of
existence in Theorem 1.1.

Proof of Theorem 1.1. (i) If ug € M satisfies ®(ug) = cg, then mm(ug) € S+
is a minimizer of ¥ and therefore a critical point of ¥, thus ug is a critical
point of ® by Lemma 2.8. It remains to show that there exists a minimizer
u € M of ®| . By Ekeland’s variational principle [23], there exists a sequence
{w,} C ST with ¥(w,) — ¢y and ¥'(w,,) — 0. Set u,, = m(w,) € M. Then
®(uy) — co and ®'(u,,) — 0. By Lemma 2.6, {u,, } is bounded in E. Therefore,
up to a subsequence, u, — u in E. By Lions’ concentration principle [11,
Lemma 1.1], it is not difficult to check that {uw,} is nonvanishing, that is,
there exist r,6 > 0 and a sequence {y, } C R such that

/ [, |?d > 6,

Br(yn)

here we may assume that gy, € Z~ by taking a large r if necessary. By the
assumptions of periodicity, we may assume that {1, } is bounded in Z". Thus,
one has u # 0,®'(u) = 0, and then u € M. Using a standard argument, one
obtains that ®(u) = ¢g. This completes the first part of Theorem 1.1.
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In the following, we focus on the proof of the multiplicity of Theorem 1.1.
Set

K:={ueSt:¥(u) =0}, Kg:={uecK:¥(u)=d},
and
Us(Kg) == {u e ST : dist(u, K4) <}

Let X :={A C ST : Aisclosed and A = — A}. For each A € ¥, v(A) denotes
the Krasnoselskii genus (see [15,20]) of A, which is defined as the least integer
k such that there exists an odd continuous mapping o : A — R¥\{0}. If there
is no such mapping for any k, then v(A) = oco. Moreover, () = 0. Set

=inf{d € R: ~v(¥?) > k}
for all k£ € N. It is easy to prove that ¢y < ¢ and ¢ < Cgyq. O

Lemma 3.1. ¢ is a critical value of V.

Proof. 1f ¢, is not a critical value of W, then for any w € ST, one has W (w) # ¢,
or ¥'(w) # 0. Hence, there exists § > 0 such that

Nows = {w e §*: [W(w) — x| < &, ¥ (w)]| < 6} = 0.

Otherwise, there exists a sequence {w,} C St such that ¥(wy) — ¢, and

¥’ (wy)|| — 0. Set v, = Mm(wy,). Then, by Lemma 2.8(iii), {v,} C M is a

(PS)., sequence of ®. Lemma 2.6 implies that {v,} is bounded in E. Hence,

up to a subsequence, one has u, — wu in E, u, — u in LfOC(RN) for all
€ [1,2%), and u,(z) — u(x) for a.e. z € RY. As in the proof of Theorem 1.1,

we can prove that ®(v) = 0 and v,, — v in E, and hence ®(v) = ¢ > ¢g > 0.

Consequently, v € M, and hence Lemma 2.8(iii) implies w := m~*(v) € K., ,

a contradiction. This show N, s = (. Therefore, by [20, Remark IT3.12], there

exists €9 > 0 such that for any 0 < ¢ < & < g¢, and there exists a continuous

1-parameter family of homeomorphisms n(t,-) of ST,0 < ¢t < oo, with the

properties:

(1°) n(w,t) =w if t =0, or ¥'(w) =0, or |¥(w) — cx| > &

(2°) w(n (w t)) is nonincreasing in ¢ for any w € ST;

(30) (\chkJre ) \I,ckfs;

(4°) n(-,s)on(-,t) =n(-,s+1t) for all s,t > 0;

(5°) n(w,t) is odd in w for ¢t > 0.

Moreover, by N, s = 0, we know that there exists 0 < &1 < ¢ such that
Plrter ﬂ K = 0.

Cr—¢€1

For each w € We+e1 by the property (3°) of n, we know that ¥(n(w,1)) <
cr—e1. Let e = e(w) be the infimum of the time for which ¥ (n(w,t)) < ¢ —e1.
It is easy to see that e : W +€1 — [0, 00) is a continuous mapping. Since W is
even, so is e. Define a mapping h : €1 — W1 by h(w) := n(w, e(w)).
Then h is odd and continuous. It follows from the mapping property of the
genus and the definition of ¢, that

k< yp(erten) < y(Ue) < kg — 1,
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a contradiction. O
Now, set
oo
K = U K., .
k=1
Choose a subset F of K such that F = — F and each orbit has a unique

representation. Arguing indirectly, from now on, we always assume that
F is a finite set.

The following lemma has been proved in [21, Lemma 2.13].
Lemma 3.2. « := inf{||v —w| : v,w € K,v # w} > 0.

The following key lemma gives the discreteness property of (PS)-sequences
of ®.

Lemma 3.3 (Discreteness of (PS)-sequences). Let d > co. If {v}:}, {v2} C &4
are two (PS)-sequences for ®, then either lim |[vl —v2|| = 0 or limsup ||v} —
v2|| > p(d) > 0, where p(d) depends only on d but not on the particular choice
of the (PS)-sequences.

Proof. We put ul = m(v}),u? := m(v2). Then by Lemmas 2.8(iii) and 2.6,

both sequences {ul},{u2} € ®! N M are bounded (PS)-sequence for ®. We
distinguish two cases.

Case 1 {u} — u2} is vanishing. Then [jul — u2|, — 0 as n — oo. Thus,
| (ul —u2)*]|, — 0 since the orthogonal projection of E on E* is continuous
in the LP-norm. By the Holder inequality and (2.1), one has

(g, = up) 1P = @ (up) (i, — )™ = @ (u3) (g, — )

+/ (f(m,uil) - f(:c,ui))(u}z —w?)tda

R3

< el|(up — )"

* / (5%! + [ul]) + Ce(lun P~ + Iuilp‘1)> [(uy, — u) T |da
R3
< (14 C)ell(up, —u2) || + Dell(uh —u2) |,

which implies that ||(ul —u2)*|| — 0 as n — co. Similarly, ||(ul —u2)~|| — 0
as n — o0, 50 |lul —u2| — 0 as n — oo. As a consequence, |[vl —vZ|| — 0
as n — oo because m is Lipschitz continuous on M; indeed for u,v € M, by
Lemma 2.3,
et (- et
[ (u) —m(v)| = || - =1 - I
]l (o]l [[ut]] l[ut{[[[o* ]|

2 2
< u—0)T|| </ =|lu—2].
Huﬂ\”( )l \/COII |
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Case 2 {ul —u2} is nonvanishing. That is, there exist r,§ > 0 and a sequence
{yn} C RY such that

/ |l —u?|?dz > 6. (3.1)
Br(yn)

By the assumptions of periodicity, we may assume that {y,} is bounded in
RY. Up to a subsequence, we may assume that v} — u! and u?2 — u? in E,
where u! # u? by (3.1) and ®’(u') = ®’(u?) = 0. Now we suppose

[ | — o* and [luz || — o,

then it follows from Lemma 2.3(ii) that /2cy < a; < v(d) := sup{|ju|| : v €
®4 N M} (note that v(d) < oo by Lemma 2.6) for i = 1, 2.

Suppose u',u? # 0. Then u',u? € M. We put v! = m(u') € K,v? :=
m(u?) € K, v # v2. Hence

s 1 2 s (va)* (va)*
imiad 1o = =i | sy - |
ZVir02+2ﬂ&m&wW
where
1)+ 2y +
P T ..
Since ||vt|| = ||v?|| = 1, it is easy see from the above inequalities that
it o}, — 2] 2 910" — Aur?] 2 min{s! 52}t — o) > L5,
(3.2)

where & is given by Lemma 3.2. Hence (3.2) implies lim inf ||v} —v2| > p(d) >

0, where p(d) depends only on d.
If u2 = 0, then ' # 0 and

o et (va) " [h* . V20
liminf [|v} — v2|| = liminf ’ e - — > > .
100 n=oo [ [[(op)*Il [I(R)*l al v(d)

The case u' = 0 can be treated similarly. The proof is completed. O

Tt is known that ¥ admits a pseudo-gradient vector field H : ST\K — T'S™.
Let m1 : G — ST\ K be the corresponding flow defined by
{imamoz—Hmmmwx
m (0, w) = w,
where
G:={{t,w):weSN\KT (w)<t<T (w)} CRx (ST\K)

and (T~ (w),T"(w)) are the maximal existence times of the trajectory ¢ —
m(t,w) in negative and positive direction. Here 7 (¢, w) is odd in w and
U(ny (¢, w)) is strictly decreasing in ¢.
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We then have the following important deformation type results which play
a crucial role in our proof.

Lemma 3.4. Let d > cy. Then for every 6 > 0, there exists € = £(6) > 0 such
that

(i) VSN K = Ky;

(i) lim  U(n(t,w)) < d—e for w € WIT\Us(Ky).

t—T+ (w)
Proof of Theorem 1.1 (completed). (ii) If F is an infinite set, then ¥ admits
infinitely many pairs + v of geometrically distinct critical points. So, Theorem
1.1(ii) follows from Lemmas 2.8 and 3.1.
By Lemma 3.2, K, is either empty or a discrete set, hence v(K.,) =0 or

1. By the continuity property of the genus, there exists § > 0 such that (U) =
Y(Ke,), where U := Us(K,, ) and 0 < §. For such §, choose € > 0 so that the
conclusions of Lemma 3.4 hold with d = ¢. Then for each w € W*Te\U,
there exists t € [0,7F(w)) such that U(n;(t,w)) < ¢ — . Let e = e(w) be
the infimum of the time for which ¥(n;(w,t)) < ¢ — e. Since ¢, — € is not a
critical value of W, it is easy to see by the implicit function theorem that e is
a continuous mapping and since VU is even, e(—w) = e(w). Define a mapping
ho: WkFe\U — W€ by setting h(w) = ni(e(w),w). Then h is odd and
continuous, so it follows from the properties of the genus and the definition of
¢ that

’y(‘lfc"""'_e) < ’Y(U) + (%) < 'y(U) +hk—1=7(K)+k—-1 (3.3)

If v(K.,) = 0, then v(¥%*¢) < k — 1, in contrast to the definition of cg.
Therefore, y(K.,) =1 and K, # 0.

If ¢, = cg41, then by the definition of ¢j41, there exists r < c¢x41 + € such
that v(¥") > k + 1. Therefore, v(U+1+¢) > ~(¥") > k + 1, and hence, by
(3.3), one has

Y(Ke) = y(P4H) —k+12> 2.

But, by Lemma 3.2, v(K,,) = 1, a contradiction. Therefore, ¢, < cg41. This
contradicts the fact that F is a finite set. Therefore, ¥ admits infinitely many
pairs +v of geometrically distinct critical points. Consequently, Theorem 1.1(ii)
follows from Lemmas 2.8 and 3.1. 0
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