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−∆u + λV (x)u + φu = µ|u|p−2u + |u|4u, x ∈ R

3,

−∆φ = u2, x ∈ R
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−∆u+ λV (x)u + φu = µ|u|p−2u+ |u|4u, x ∈ R
3,

−∆φ = u2, x ∈ R
3,

(1.1)q4 λ > 0, µ > 0 �Go%"� p ∈ (4, 6), V ZB�Y��
(V1) V (x) � R

3 
HD||"��t V (x) ≥ 0, x ∈ R
3.

(V2) 8 )" M0 > 0 �G�� A := {x ∈ R
3 : V (x) ≤M0} e7��tq Lebesgue 'T m(A) <∞.
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No.6 +�mK�	:=�Go%"HM!~PG - �(b.HW8� 1751 (1.1) �4�N	ob.�eau~PGb.�q4|" φ ZBNZo�(b.��5
!b.	��,F~PG - �(b.�):b.��Yq�H~PGb.H=��
e−iEtu(x) �v

i
∂Ψ

∂t
= −∆Ψ + Ṽ (x)Ψ − f(|Ψ|), x ∈ R

3 × R, (1.2)q4 Ṽ (x) = V (x) + E, f(exp(iθ)ξ) = exp(iθ)f(ξ), θ, ξ ∈ R. �v)b`Hg��6�%�K_ [3, 8, 10, 14–15, 17, 20–21].Æ*J�7� (V1)–(V3) � Bartsch � Wang[5] 33�B λ → ∞ ��)k7�6����4 �*HL$�'j9�=�Æ*J�H~PGb.V�?x;"�sE'H�-p|� f ZB";H%*7�Y�zW�zG��A [4,13,19,22]. U�M!N5� Clapp K
[12] �-JlHv8YH~PGb.�GEJW8+�H8 uP<�U��Æ N ≥ 3 HH"� Alves K [1] 1XJ~PGb.+�o"��*L$H?ovW�2�M� 6M!H7�Y�BJ�g��+H��~Hv8Y� Jiang K [16] � Zhao K [24] �-J�(~PGb.H�H8 u��H�'sF�1O_,.�U�=�Æ*J�HM!~PG�(b.�N5 (1.1) �^��z� 
!%4K_Hs[Y�O_�1X�.�H8 uq�'sF�Q��?� Ljusternik-Schnirelman <X��HW8u�z�HG��A�O_H:��z�Y�Xq 1.1  7� (V1)–(V3) Y�B λ > 0 1g;��b. (1.1) 1��	o�.� uλ.U�ÆH λn, B λn → +∞ �� {uλn

} �	oAL H1(R3) 4�EE u, �t u ��Y�`b.H�.� 



−∆u+ φu = µ|u|p−2u+ |u|4u, x ∈ Ω,

−∆φ = u2, x ∈ Ω.
(1.3)Xq 1.2  7� (V1)–(V3) Y�8 λ∗, µ∗ > 0, �GB λ ≥ λ∗, µ ≤ µ∗ ��b. (1.1)1�� catΩ̄(Ω̄) o��

2 �J_� \r3	k�~� BR(x) ��4o x ∈ R
3 ,F R > 0 H3y� C > 0 ��q7)"� Lp(R3) (1 ≤ p < +∞) �� Lebesgue 7��q`"P�F

|u|p =
( ∫

R3

|u|pdx
) 1

p

.

Sobolev 7� H1(R3) H`"F
‖u‖ =

( ∫

R3

(|∇u|2 + u2)dx
)1/2

.S
E =

{
u ∈ H1(R3) |

∫

R3

V (x)u2dx <∞
}
,qg
�`"g��

(u, v)λ =

∫

R3

(∇u∇v + λV (x)uv)dx � ‖u‖λ =
(∫

R3

(|∇u|2 + λV (x)u2)dx
)1/2

.



1752 " � R < � � Vol.41A7� (V1) � (V2) Æ,J E �	o Hilbert 7� [23]. "�	�u��K� λ ≥ 1. $U�ÆH u ∈ E, 8 κ > 0, �G
‖u‖λ ≥ κ‖u‖. (2.1)7� D1,2(R3) � C∞

0 (R3) v�`" ( ∫
R3(|∇u|

2dx
) 1

2 HB�7��U u ∈ H1(R3), 8 E	H φu ∈ D1,2(R3) �Y!b.H�
−∆φ = u2, x ∈ R

3.U� φu, 6���Y
gq���
φu(x) =

1

4π

∫

R3

u2(y)

|x− y|
dy, x ∈ R

3,)7q��,F Riesz J� [18]. v�
!� φu, O_��Y	k�Ky��EH�< [25].q 2.1 U�ÆH u ∈ H1(R3),

(i) φu ≥ 0;

(ii) φu : H1(R3) → D1,2(R3) �D|H��t��!��-�!�	
(iii) ‖φu‖2

D1,2(R3) =
∫

R3 φuu
2dx ≤ C|u|412

5

;

(iv) �z H1(R3) 4� un ⇀ u, $ D1,2(R3) 4� φun
⇀ φu;

(v) �z H1(R3) 4� un → u, $ D1,2(R3) 4� φun
→ φu, �t

∫

R3

φun
u2

ndx→

∫

R3

φuu
2dx.P� F : H1(R3) → R,

F (u) =

∫

R3

φuu
2dx.℄��U�ÆH y ∈ R

3 � u ∈ H1(R3), F (u(·+ y)) = F (u). Q��:'�;dH Brezis-Lieb�< [9], O_�Y`H�<�q 2.2 � H1(R3) 4� un ⇀ u, t R
3 4� un → u a.e., $

(i) F (un − u) = F (un) − F (u) + o(1);

(ii)  (H1(R3))−1 4� F ′(un − u) = F ′(un) − F ′(u) + o(1).:'�K_ [8], � φ = φu =�E (1.1) 4HN	ob.4�6�GE	oe0$Hau>�b.
−∆u+ λV (x)u + φuu = µ|u|p−2u+ |u|4u, x ∈ R

3.b�HhIa|
Iλ,µ(u) =

1

2
‖u‖2

λ +
1

4
F (u) −

µ

p

∫

R3

|u|pdx−
1

6

∫

R3

|u|6dx., Iλ,µ  E 
FP���t Iλ,µ ∈ C1(E,R). O_6�P�
Nλ,µ = {u ∈ E \ {0} | 〈I ′λ,µ(u), u〉 = 0}.q 2.3 U�ÆH u ∈ Nλ,µ, 8 � λ PvH σ > 0, �G

‖u‖λ > σ � Iλ,µ(u) ≥
p− 2

2p
σ2.



No.6 +�mK�	:=�Go%"HM!~PG - �(b.HW8� 1753� U�ÆH u ∈ Nλ,µ, � ‖u‖λ ≤ 1, � (2.1) ��6�GE
‖u‖2

λ + F (u) = µ

∫

R3

|u|pdx+

∫

R3

|u|6dx ≤ C(‖u‖p
λ + ‖u‖6

λ).f℄N	o�z-A�Q	b`�O_�
Iλ,µ(u) =

1

2
‖u‖2

λ +
1

4
F (u) −

µ

p

∫

R3

|u|pdx−
1

6

∫

R3

|u|6dx

≥
1

2
‖u‖2

λ +
1

4
F (u) −

µ

p

∫

R3

|u|pdx−
1

p

∫

R3

|u|6dx

=
1

2
‖u‖2

λ +
1

4
F (u) −

1

p
(‖u‖2

λ + F (u))

≥ (
1

2
−

1

p
)‖u‖2

λ ≥
p− 2

2p
σ2.,��q 2.4 U�ÆH u ∈ E \ {0}, 8 E	H t(u) > 0, �G t(u)u ∈ Nλ,µ, �t

Iλ,µ(t(u)u) = max
t≥0

Iλ,µ(tu).� U�ÆH u ∈ E \ {0}, P� g(t) = Iλ,µ(tu), t ∈ [0,+∞). $
g(t) =

t2

2
‖u‖2

λ +
t4

4
F (u) −

tpµ

p

∫

R3

|u|pdx−
t6

6

∫

R3

|u|6dx.B t > 0 1gh�� g(t) > 0; B t > 0 1g;�� g(t) < 0, f℄8 t0 > 0, �G
g′(t0) = 0 � g(t0) = max

t≥0
g(t) = max

t≥0
Iλ,µ(tu).9{ g′(t0) = 0, 6G t0u ∈ Nλ,µ.��8 0 < t1 < t2, �G t1u ∈ Nλ,µ, t2u ∈ Nλ,µ. f℄

1

t21
‖u‖2

λ + F (u) = tp−4
1 µ

∫

R3

|u|pdx+ t21

∫

R3

|u|6dx,

1

t22
‖u‖2

λ + F (u) = tp−4
2 µ

∫

R3

|u|pdx+ t22

∫

R3

|u|6dx.7Y�
(
1

t21
−

1

t22
)‖u‖2

λ = (tp−4
1 − tp−4

2 )µ

∫

R3

|u|pdx+ (t21 − t22)

∫

R3

|u|6dx,)D2J\V�,��q 2.5 U�ÆH λ ≥ 1 � µ > 0, P�
cλ,µ = inf

u∈Nλ,µ

Iλ,µ(u), c∗λ,µ = inf
u∈E\{0}

max
t≥0

Iλ,µ(tv), c∗∗λ,µ = inf
γ∈Γ

sup
t∈[0,1]

Iλ,µ(γ(t)),q4
Γ = {γ(t) ∈ C([0, 1], E) | γ(0) = 0, Iλ,µ(γ(1)) < 0}.



1754 " � R < � � Vol.41Af℄� cλ,µ = c∗λ,µ = c∗∗λ,µ.� g�#&s,b�N	# c∗λ,µ = cλ,µ. ?��< 2.4, �
c∗λ,µ = inf

u∈E\{0}
max
t≥0

Iλ,µ(tu) = inf
u∈E\{0}

Iλ,µ(t(u)u) = inf
u∈Nλ,µ

Iλ,µ(u) = cλ,µ.NZ# c∗λ,µ ≥ c∗∗λ,µ. ?��< 2.4, U�ÆH u ∈ E \ {0}, 8 1g;H T , �G
Iλ,µ(Tu) < 0. P� γ(t) = tTu, t ∈ [0, 1]. f℄ γ(t) ∈ Γ, 7Y�

c∗∗λ,µ = inf
γ∈Γ

sup
t∈[0,1]

Iλ,µ(γ(t)) ≤ sup
t∈[0,1]

Iλ,µ(γ(t)) ≤ max
t≥0

Iλ,µ(tu).,� c∗λ,µ ≥ c∗∗λ,µ.N�# c∗∗λ,µ ≥ cλ,µ. U�ÆH u ∈ E \ {0}, B ‖u‖λ 1gh��O_�
‖u‖2

λ + F (u) > µ

∫

R3

|u|pdx+

∫

R3

|u|6dx. (2.2)f℄�P� γ(t) ∈ Γ � Nλ,µ b��j$�?� γ(t) HD|u�� γ(1) ?6 u, (2.2) ���-A�7Y6�GE
Iλ,µ(γ(1)) =

1

2
‖γ(1)‖2

λ +
1

4
F (γ(1)) −

µ

p

∫

R3

|γ(1)|pdx−
1

6

∫

R3

|γ(1)|6dx

≥
1

2
‖γ(1)‖2

λ +
1

4
F (γ(1)) −

µ

p

∫

R3

|γ(1)|pdx−
1

p

∫

R3

|γ(1)|6dx

≥
1

2
‖γ(1)‖2

λ +
1

4
F (γ(1)) −

1

p
(‖γ(1)‖2

λ + F (γ(1)))

≥ (
1

2
−

1

p
)‖γ(1)‖2

λ > 0,)� γ(1) HP�\V�,� c∗∗λ,µ ≥ cλ,µ. ,��q 2.6 Iλ,µ 2�	U���t�
(1) 8 � λ PvH a0, r0 > 0 �GB u ∈ E t ‖u‖λ = r0 �� Iλ,µ(u) ≥ a0.

(2) U�ÆH u ∈ E \ {0}, lim
t→∞

Iλ,µ(tu) = −∞.� )o,b��>H�V},b{.�q 2.7 U�ÆH λ ≥ 1, µ > 0, cλ,µ <
1

3
S3/2.� )o,b��>H�V},b{.�q 2.8 Iλ,µ H�ÆH (PS)cλ,µ

{L {un} ��!H��t
lim sup

n→∞
‖un‖λ ≤

√
2p

p− 2
cλ,µ.� � {un} � Iλ,µ H (PS)cλ,µ

{L�$� Iλ,µ(un) → cλ,µ, I
′
λ,µ(un) → 0. �5

cλ,µ + o(1) + o(1)‖un‖λ = Iλ,µ(un) −
1

p
〈I ′λ,µ(un), vn〉

= (
1

2
−

1

p
)‖un‖

2
λ + (

1

4
−

1

p
)F (un) + (

1

p
−

1

6
)

∫

R3

u6
ndx.
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(
1

2
−

1

p
)‖un‖

2
λ ≤ cλ,µ + o(1) + o(1)‖un‖λ.f℄ {un}  E 4��!��tNZo�X-A�,��q 2.9 S M > 0 �o)"�B n → ∞ �� λn → ∞. �z ‖un‖λn

≤ M , �t 
H1(R3) 4� un ⇀ 0, f℄ lim

n→∞

∫
R3 |un|qdx = 0, 2 < q < 6.� U�ÆH R > 0, S

A(R) :=
{
x ∈ R

3||x| ≥ R, V (x) ≥M0

}
, B(R) :=

{
x ∈ R

3||x| ≥ R, V (x) ≤M0

}
.�GE

∫

A(R)

u2
ndx ≤

1

λnM0

∫

A(R)

λnV (x)u2
ndx

≤
1

λnM0

∫

A(R)

(|∇un|
2 + λnV (x)u2

n)dx

=
1

λnM0
‖un‖

2
λn

≤
1

λnM0
M2 (2.3)�

∫

B(R)

u2
ndx ≤ [m(B(R))]

2
3

( ∫

R3

u6
ndx

) 1
3

≤ [m(B(R))]
2
3S−1

∫

R3

|∇un|
2dx

≤ M2S−1[m(B(R))]
2
3 . (2.4)?�g("K��8 θ ∈ (0, 1), �G

∫

Bc
R

|un|
qdx ≤

( ∫

Bc
R

|un|
2dx

) qθ
2

(∫

Bc
R

|un|
6dx

) q(1−θ)
6

≤ S− q(1−θ)
2

( ∫

Bc
R

|un|
2dx

) qθ
2

(∫

RN

|∇un|
2dx

) q(1−θ)
2

≤ S− q(1−θ)
2 M q(1−θ)

(∫

A(R)

|un|
2dx+

∫

B(R)

|un|
2dx

) qθ
2

.?� (2.3) � (2.4) ��8 C > 0, �G
∫

Bc
R

|un|
qdx ≤ C

( 1

λn
+ [m(B(R))]

2
3

)
. (2.5)�� (V2) � (2.5) ��U�ÆH ǫ > 0, 8 Nǫ, Rǫ > 0, B n ≥ Nǫ, R ≥ Rǫ ���

∫

Bc
R

|un|
qdx ≤ ǫ, (2.6)uP R1 > Rǫ. f℄�B n ≥ Nǫ ��O_�

∫

R3

|un|
qdx =

∫

BR1

|un|
qdx+

∫

Bc
R1

|un|
qdx ≤

∫

BR1

|un|
qdx+ ǫ.



1756 " � R < � � Vol.41A�� H1(R3) 4� un ⇀ 0, ?�
!"K�6�GE
lim

n→∞

∫

R3

|un|
qdx = 0.,��FJr cλ,µ &	onH
!�O_y��- “�` ” N5 (1.3). P�7� H1

0 (Ω) H`"�Y
‖u‖0 :=

(∫

Ω

|∇u|2dx
)1/2

.b�HhIa|
Iµ(u) =

1

2
‖u‖2

0 +
1

4
F0(u) −

µ

p

∫

Ω

|u|pdx−
1

6

∫

Ω

|u|6dx,q4 F0(u) = 1
4π

∫∫
Ω×Ω

u2(x)u2(y)
|x−y| dxdy. �,b Iµ  H1

0 (Ω)
FP���t Iµ ∈ C1(H1
0 (Ω),R).P�

Nµ = {u ∈ H1
0 (Ω) \ {0} | 〈I ′µ(u), u〉 = 0}, cµ = inf

u∈Nµ

Iµ(u).� 2.1 U� cµ, Iµ, Nµ, �:'��< 2.3E�< 2.7H�z-A�9{	UP<�6�,b8 u ∈ H1
0 (Ω), �G Iµ(u) = cµ, I ′µ(u) = 0.q 2.10 U� λ ≥ 1, µ > 0, cλ,µ ≤ cµ.� U� u ∈ Nµ, O_�

∫

Ω

|∇u|2dx+

∫

Ω

φuu
2dx = µ

∫

Ω

|u|p−2udx+

∫

Ω

|u|4udx.?� V (x) = 0, x ∈ Ω, � u = 0, x ∈ R
N \ Ω, 
!K�6�mF

∫

R3

(|∇u|2 + λV (x)u2)dx +

∫

R3

φuu
2dx = µ

∫

R3

|u|p−2udx+

∫

R3

|u|4udx.�5� u ∈ Nλ,µ. Q	b`�O_�
Iµ(u) =

1

2

∫

Ω

|∇u|2dx+
1

4

∫

Ω

φuu
2dx−

µ

p

∫

Ω

|u|pdx−
1

6

∫

Ω

|u|6dx

=
1

2

∫

R3

(|∇u|2 + λV (x)u2)dx+
1

4

∫

R3

φuu
2dx−

µ

p

∫

R3

|u|pdx−
1

6

∫

Ω

|u|6dx

= Iλ,µ(u).7Y� cλ,µ ≤ cµ. ,���u 2.1 �< 2.1 .� cµ <
1

3
S

3
2 , $U� λ ≥ 1, µ > 0, 8 τ = τ(µ) > 0, �G

cλ,µ <
1

3
S

3
2 − τ .q 2.11 8 λ∗ > 0, B λ ≥ λ∗ ��U�ÆH dλ ∈ (0, 1

3S
3
2 − τ), Iλ,µ ZB (PS)dλ7��� S {un} � Iλ,µ H (PS)dλ

{L�ZB Iλ,µ(un) → dλ, I
′
λ,µ(un) → 0. ?��< 2.8,

{un}  E 4�!��5�8 u ∈ E,  E 4� un ⇀ u,  R
3 4� un → u, a.e.,  
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Lq(R3), 2 ≤ q ≤ 6 4� un ⇀ u. P� vn = un − u. ?��< 2.2, {vn} �� Iλ,µ H PS {L��t Iλ,µ(vn) → dλ − Iλ,µ(u), I ′λ,µ(vn) → 0, $�
on(1) = 〈I ′λ,µ(vn), vn〉 = ‖vn‖

2
λ + F (vn) − µ

∫

R3

|vn|
pdx−

∫

R3

|vn|
6dx. (2.7)?� {vn} H�!u�6��

‖vn‖
2
λ → L

(1)
λ , F (vn) → L

(2)
λ , µ

∫

R3

|vn|
p +

∫

R3

|vn|
6 → L

(3)
λ . (2.8)7Y

L
(1)
λ + L

(2)
λ = L

(3)
λ . (2.9)�z L

(1)
λ = 0, $ vn → 0, �56�GE� E 4� un → u. �YO_,bB λ 1g;��

L
(1)
λ = 0. j$�� µ

∫
R3 |vn|pdx→ Aλ,

∫
R3 |vn|6 → Bλ. 7Y6�GE

L
(1)
λ + L

(2)
λ = L

(3)
λ = Aλ +Bλ. (2.10):'��< 2.9 H,b�B λ→ ∞ �� Aλ = oλ(1), L

(2)
λ = oλ(1). ,�

L
(1)
λ = Bλ + oλ(1). (2.11)?� (2.7) ��8 C > 0, �G

‖vn‖
2
λ ≤ C

(
‖vn‖

p
λ + ‖vn‖

6
λ + on(1)

)
.�z L

(1)
λ ≤ 1,  
!"K�4�S n→ ∞, $

L
(1)
λ ≤ C

(
(L

(1)
λ )

p
2 + (L

(1)
λ )3

)
.�5�8 � λ PvH C > 0, �G

L
(1)
λ ≥ C. (2.12)?� S HP��O_�

S
(∫

R3

|vn|
6dx

) 1
3

≤ ‖vn‖
2
λ.S n→ ∞, $

SB
1
3

λ ≤ L
(1)
λ . (2.13)?� (2.11)–(2.13) ��6�GE

lim inf
λ→∞

L
(1)
λ ≥ S

3
2 .� Iλ,µ(vn) → dλ − Iλ,µ(u), O_�

dλ − Iλ,µ(u) =
1

2
‖vn‖

2
λ +

1

4
F (vn) −

µ

p

∫

R3

|vn|
pdx−

1

6

∫

R3

|vn|
6dx+ on(1).S n→ ∞, 6�GE

dλ − Iλ,µ(u) =
1

2
L

(1)
λ +

1

4
L

(2)
λ −

1

p
Aλ −

1

6
Bλ.



1758 " � R < � � Vol.41A<Æ I ′λ,µ(u) = 0, ?��< 2.3, 6�GE Iλ,µ(u) ≥ 0. 7Y
1

3
S

3
2 − τ ≥ lim inf

λ→∞

(1

2
L

(1)
λ +

1

4
L

(2)
λ −

1

p
Aλ −

1

6
Bλ

)
≥

(1

2
−

1

6

)
S

3
2 =

1

3
S

3
2 ,)�\VH�,���u 2.2 8 λ∗ > 0, B λ ≥ λ∗ ��U� dλ ∈ (0, 1

3S
3
2 − τ), Iλ,µ  Nλ,µ 
ZB

(PS)dλ
7��q 2.12 �z u � Iλ,µ  Nλ,µ 
HM!O�$ u � Iλ,µ  E 
HM!O�� )o,b��>H�V},b{.�

3 d~kVhm��q 3.1 B λ 1g;��N5 (1.1) 1��	o�.��� ?��< 2.5 ��< 2.6, Iλ,µ 8 (PS)cλ,µ
{L {un}. �5�?�=X 2.1 ��<

2.11, B λ 1g;�� ALÆ�Y� E 4� un → u. 7Y� Iλ,µ(u) = cλ,µ, I ′λ,µ(u) = 0.Xq 1.1 T�w ��< 3.1, 8 un ∈ Nλn,µ, �G Iλn,µ(un) = cλn,µ, I ′λn,µ(un) = 0.��< 2.8 ��< 2.10 .�8 C > 0, �G ‖un‖λn
≤ C. �5�<ÆE (2.1) ��8 

u ∈ H1(R3),  E 4� un ⇀ u,  R
3 4� un → u, a.e.,  Lq(R3), 2 ≤ q ≤ 6 4� un ⇀ u.N	# u|Ωc = 0, q4 Ωc := {x | x ∈ R

3 \ Ω}.j$�8 'T"FPH%A� F ⊂ Ωc, ZB dist{F, ∂Ω} > 0� u|F 6= 0,$ ∫
F
u2

ndx→∫
F u

2dx > 0. Q��8 ǫ0 > 0, �G V (x) ≥ ǫ0, x ∈ F.� un H}#.
‖un‖

2
λn

+ F (un) = µ

∫

R3

|un|
pdx+

∫

R3

|un|
6dx. (3.1)�5

Iλn,µ(un) =
1

2
‖un‖

2
λn

+
1

4
F (un) −

µ

p

∫

R3

|un|
pdx−

1

6

∫

R3

|un|
6dx

≥
1

2
‖un‖

2
λn

+
1

4
F (un) −

µ

p

∫

R3

|un|
pdx−

1

p

∫

R3

|un|
6dx

=
1

2
‖un‖

2
λn

+
1

4
F (un) −

1

p
(‖un‖

2
λn

+ F (un))

≥ (
1

2
−

1

p
)

∫

F

λnV (x)u2
ndx

≥ (
1

2
−

1

p
)λnǫ0

∫

F

u2
ndx.B n → ∞ �� Iλn,µ(un) → ∞, )��< 2.7 \V��5 u|Ωc = 0. <ÆE Ω Fw�z��7Y u ∈ H1

0 (Ω).NZ# u 6= 0.�"��?��< 2.9, O_� ∫
R3 |un|pdx = on(1), F (un) = on(1). � (3.1) �.

‖un‖
2
λn

=

∫

R3

|un|
6dx+ on(1).
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λn

→ b,
∫

R3 |un|6dx→ b. ?��< 2.3, b 6= 0. � S HP��6�GE
S

(∫

R3

|un|
6dx

) 1
3

≤ ‖un‖
2
λn
.S n→ ∞, O_� S

3
2 ≤ b. �5�?�< 2.1 6�GE

1

3
S

3
2 > lim

n→∞
cλn,µ = lim

n→∞
Iλn,µ(un)

= lim
n→∞

[1

2
‖un‖

2
λn

+
1

4
F (un) −

µ

p

∫

R3

|un|
pdx−

1

6

∫

R3

|un|
6dx

]

= (
1

2
−

1

6
)b ≥

1

3
S

3
2 ,)�\VH�N�# I ′µ(u) = 0.�{'�|" ϕ ∈ C∞

0 (Ω), � un H}#.� 〈I ′λn,µ(un), ϕ〉 = 0. �5�
0 =

∫

R3

(∇un∇ϕ+ λnV (x)unϕ)dx +

∫

R3

φun
unϕdx

+µ

∫

R3

|un|
p−2unϕdx+

∫

R3

|un|
4unϕdx.S n→ ∞, <ÆE V (x) = 0, x ∈ Ω, O_�

0 =

∫

Ω

∇u∇ϕdx+

∫

Ω

φuuϕdx+ µ

∫

Ω

|u|p−2uϕdx+

∫

Ω

|u|4uϕdx,)ÆI? 〈I ′µ(u), ϕ〉 = 0.N&# Iµ(u) = cµ.�N�#H1X. u ∈ Nµ, �5 Iµ(u) ≥ cµ. 7Y
cµ ≤ Iµ(u) = Iµ(u) −

1

4
〈I ′µ(u), u〉

=
1

4

∫

Ω

|∇u|2dx+ (
1

4
−

1

p
)µ

∫

Ω

|u|pdx+ (
1

4
−

1

6
)

∫

Ω

|u|6dx

≤ lim inf
n→∞

[1

4

∫

Ω

|∇un|
2dx+ (

1

4
−

1

p
)µ

∫

Ω

|un|
pdx + (

1

4
−

1

6
)

∫

Ω

|un|
6dx

]

≤ lim inf
n→∞

[1

4

∫

R3

|∇un|
2dx+ (

1

4
−

1

p
)µ

∫

R3

|un|
pdx+ (

1

4
−

1

6
)

∫

R3

|un|
6dx

]

≤ lim inf
n→∞

[
Iλn,µ(un) −

1

4
〈I ′λn,µ(un), un〉

]

= lim inf
n→∞

cλn,µ ≤ cµ,�5� Iµ(u) = cµ. Q��7
`H,b.
lim

n→∞
Iλn,µ(un) = lim

n→∞
cλn,µ = cµ = Iµ(u). (3.2)NQ#  H1(R3) 4� un → u.��
�7N&#H,b.� ALHÆ�Y�O_�

∫

R3

|∇un|
2dx→

∫

R3

|∇u|2dx,

∫

R3

|un|
pdx→

∫

R3

|u|pdx,
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∫

R3

|un|
6dx→

∫

R3

|u|6dx,

∫

R3

λnV (x)u2
ndx→ 0.�5� ‖un − u‖λn

→ 0. 7Y� ‖un − u‖ → 0. P< 1.1 ,��
4 a�yt|x�VeW�fFJ�- cµ Hu3�y�gT H1

0 (Ω) 
`HhIa|
I0(u) =

1

2
‖u‖2

0 +
1

4
F0(u) −

1

6

∫

Ω

|u|6dx.6�P�
N0 = {u ∈ H1

0 (Ω) \ {0} | 〈I ′0(u), u〉 = 0}, c0 = inf
u∈N0

I0(u).� 4.1 U� c0, I0 , N0, �:'�7�< 2.3 E�< 2.6 H�z�O_�y�7� H1
0,rad(Br(0)) := {u ∈ H1

0 (Br(0)) | u v��O,fU,}, q`"
‖u‖0,r :=

( ∫

Br(0)

|∇u|2dx
)1/2

.U� u ∈ H1
0,rad(Br(0)), ��hIa|

Iµ,r(u) =
1

2
‖u‖2

0,r +
1

4
F0,r(u) −

µ

p

∫

Br(0)

|u|pdx−
1

6

∫

Br(0)

|u|6dx,q4 F0,r(u) = 1
4π

∫∫
Br(0)×Br(0)

u2(x)u2(y)
|x−y| dxdy. :'M�6�P�

Nµ,r = {u ∈ H1
0,rad(Br(0)) \ {0} | 〈I ′µ,r(u), u〉 = 0}�
cµ,r = inf

u∈Nµ,r

Iµ,r(u).� 4.2 U� cµ,r, Iµ,r, Nµ,r, �:'�7�< 2.3 E�< 2.7 H�z�?�	UP<�6�,b8 u ∈ H1
0,rad(Br(0)), �G Iµ,r(u) = cµ,r � I ′µ,r(u) = 0.q 4.1 lim

µ→0
cµ = c0.� 0y�,b�U�ÆH µn → 0, � lim

n→∞
cµn

= c0. ��
�?� cµn
� c0 HP��6�GE cµn

≤ c0. f℄
lim sup

n→∞
cµn

≤ c0. (4.1)Q	b`�?�< 2.1, 8 un ∈ H1
0 (Ω), �G Iµn

(un) = cµn
, I ′µn

(un) = 0. 7< 2.1 .�8 tn > 0, ZB tnun ∈ N0, f℄
c0 ≤ I0(tnun) = Iµn

(tnun) +
µnt

p
n

p

∫

R3

|un|
pdx,�5

c0 ≤ cµn
+
µnt

p
n

p

∫

R3

|un|
pdx.
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c0 ≤ lim inf

n→∞
cµn

. (4.2)$� (4.1) � (4.2) �6�GE�X�^ ,b {tn} H�!u�j$� tn → ∞. � un H}#�� cµn
< 1

3S
3
2 , 6�GE

‖un‖0 ��!H��F tnun ∈ N0, O_�
1

t4n
‖un‖

2
0 +

1

t2n
F0(un) =

∫

Ω

|un|
6dx.�5

lim
n→∞

∫

Ω

|un|
6dx = 0. (4.3)?� I ′µn

(un) = 0, 6�GE
‖un‖

2
0 + F0(un) = µn

∫

Ω

|un|
pdx +

∫

Ω

|un|
6dx.� (4.3) �6�GE ‖un‖2

0 = on(1). 7Y cµn
→ 0, D3\V�,��q 4.2 c0 = 1

3S
3/2.� :'��< 2.7 H,b�6�GE c0 ≤ 1

3S
3/2 + oǫ(1), {�`�$� c0 ≤ 1

3S
3/2. Q	b`�8 {un} ⊂ H1

0 (Ω), �G I0(un) → c0, I ′0(un) → 0. ?� I ′0(un) → 0, �
on(1) = 〈I ′0(un), un〉 = ‖un‖

2
0 + F0(un) −

∫

Ω

|un|
6dx.� ‖un‖2

0 → l1, F0(un) → l2,
∫
Ω |un|6dx→ l3, f℄�O_�

l1 + l2 = l3. (4.4)?� S HP��6�GE S(
∫
Ω |un|

6dx)
1
3 ≤ ‖un‖

2
0. S n→ ∞, $�

Sl
1
3
2 ≤ l1. (4.5)?� (4.4) � (4.5) ��O_�

l1 ≥ S3/2, l3 ≥ S3/2. (4.6)� I0(un) → c0, 6�GE
c0 = I0(un) + on(1)

=
1

2
‖un‖

2
0 +

1

4
F0(un) −

1

6

∫

Ω

|un|
6dx+ on(1)

=
1

2
‖un‖

2
0 −

1

4
(‖un‖

2
0 −

∫

Ω

|un|
6dx) −

1

6

∫

Ω

|un|
6dx+ on(1)

=
1

4
‖un‖

2
0 +

1

12

∫

Ω

|un|
6dx+ on(1)

=
1

4
l1 +

1

12
l3 + on(1).<ÆE (4.6) ��7
!"K�/6�GE c0 ≥ 1

3S
3/2. ,��
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µ→0

cµ = lim
µ→0

cµ,r =
1

3
S3/2.� ��< 4.1 ��< 4.2 . lim

µ→0
cµ = 1

3S
3/2. ?� cµ,r HP���

cµ,r = inf
u∈Nµ,r

Iµ,r(u) ≥ inf
{u∈H1

0 (Br(0)) | 〈I′

µ,r(u),u〉=0}
Iµ,r(u).��
!�A4D�	"h� cµ, $6�GE

lim inf
µ→0

cµ,r ≥
1

3
S3/2.Q	b`�:'��< 2.7 H,b�6�GE cµ,r <

1
3S

3/2. 7Y�
lim sup

µ→0
cµ,r ≤

1

3
S3/2.�5�U�Æ1ghH r > 0, lim

µ→0
cµ,r = 1

3S
3/2. ,���F Ω �w��!z��6�uP1ghH r > 0, �G

Ω+
r = {x ∈ R

3 | dist(x,Ω) ≤ r}�
Ω−

r = {x ∈ Ω | dist(x, ∂Ω) ≥ r}� Ω ;WK��Q��6�� Br(0) ⊂ Ω.U� 0 6= u ∈ L6(Ω), P�
β0(u) :=

∫
Ω xu

6dx∫
Ω
u6dx

.q 4.4 8 µ∗ > 0, B µ ∈ (0, µ∗), u ∈ Nµ ZB Iµ(u) ≤ cµ,r + oµ(1) ��f℄
β0(u) ∈ Ω+

r/2.� ?�_,\��8 µn → 0, un ∈ Nµn
, Iµn

(un) ≤ cµn,r+on(1),�G β0(un) /∈ Ω+
r/2.?� un ∈ Nµn

� Iµn
(un) ≤ cµn,r +on(1), 6�GE {un} H1

0 (Ω)4��!H�� un ∈ Nµn.
‖un‖

2
0 + F0(un) = µn

∫

Ω

|un|
pdx+

∫

Ω

|un|
6dx. (4.7)�5�<ÆE µn → 0, �

cµn
≤ Iµn

(un) =
1

2
‖un‖

2
0 +

1

4
F0(un) −

µn

p

∫

Ω

|un|
pdx−

1

6

∫

Ω

|un|
6dx

=
1

4
‖un‖

2
0 + (

1

4
−

1

p
)µn

∫

Ω

|un|
pdx+

1

12

∫

Ω

|un|
6dx

=
1

4
‖un‖

2
0 +

1

12

∫

Ω

|un|
6dx+ on(1)

≤ cµn,r + on(1).� ‖un‖2
0 → l1,

∫
Ω |un|6dx→ l2, $?��< 4.3, �

1

4
l1 +

1

12
l2 =

1

3
S3/2. (4.8)
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∫
Ω
|un|6dx)

1
3 ≤ ‖un‖2

0. S n→ ∞, O_�
Sl

1
3
2 ≤ l1. (4.9)� (4.7) ��6�GE ‖un‖2

0 ≤
∫
Ω
|un|6dx+ on(1). 7Y

l1 ≤ l2. (4.10)?� (4.8)–(4.10) ��6�GE l2 = l1 = S3/2.P�
ωn =

un∫
Ω
|un|6dx

.fO_� ∫
Ω |ωn|6dx = 1,

∫
Ω |∇ωn|6dx → S. �K_ [2] 4H�< 3.1 .�8 (yn, λn) ∈

R
N × R

+, ZB λn → 0, yn → y ∈ Ω̄, �G D1,2(R3) 4�B n→ ∞ ���
vn(x) := λ

1
2
nωn(λnx+ yn) → ω.� φ ∈ C∞

0 (R3), ZB φ(x) = x, x ∈ Ω. f℄�
β0(un) =

∫

Ω

φ(x)ω6
n(x)dx =

∫
φ(λnx+ yn)v6

n(x)dx,$�
lim

n→∞
β0(un) = y ∈ Ω̄.)�O_H�\V��< 4.4 ,��eK_ [6], }# R > 2diam(Ω), �G Ω ⊂ BR(0). P�

ψ(t) =





1, 0 ≤ t ≤ R,

R

t
, t ≥ R.U� u ∈ L6(R3) \ {0}, P�

β(u) =

∫
R3 ψ(|x|)|u|6xdx∫

R3 |u|6dx
.q 4.5 8 λ∗ > 0, µ∗ > 0,B u ∈ Nλ,µ, Iλ,µ(u) ≤ cµ,r ��U�ÆH λ ≥ λ∗, µ < µ∗,f℄ β(u) ∈ Ω+

r .� _,��U�Æ1ghH µ,8 λn → ∞, un ∈ Nλn,µ, ZB Iλn,µ(un) ≤ cµ,r,A�
β(un) /∈ Ω+

r . , {‖un‖λn
} ��!H�?�P< 1.14,bH N	#, 6�GE u ∈ H1

0 (Ω), E 4� un ⇀ u,  R
3 4� un → u, a.e.,  Lq(R3), 2 ≤ q ≤ 6 4� un ⇀ u. ?��< 2.9,$ Lq(R3), 2 < q < 6 4� un → u. S vn = un − u, <ÆE un ∈ Nλn,µ, $�

‖vn‖
2
λn

= ‖un‖
2
λn

−

∫

R3

|∇u|2dx+ on(1)

= µ

∫

R3

|un|
pdx+

∫

R3

|un|
6dx− F (un) −

∫

R3

|∇u|2dx+ on(1)

= µ

∫

R3

|vn|
pdx+

∫

R3

|vn|
6dx− F (vn)

+µ

∫

R3

|u|pdx+

∫

R3

|u|6dx− F (u) −

∫

R3

|∇u|2dx+ on(1)

=

∫

R3

|vn|
6dx+ µ

∫

R3

|u|pdx+

∫

R3

|u|6dx− F (u) −

∫

R3

|∇u|2dx+ on(1). (4.11)
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∫

R3 |u|
pdx+

∫
R3 |u|

6dx ≤ F (u) +
∫

R3 |∇u|
2dx.?� (4.11) ��$�

‖vn‖
2
λn

≤

∫

R3

|vn|
6dx+ on(1). (4.12)f℄�P� ∫

R3 |vn|6dx→ 0. j$�8 b > 0, �G
∫

R3

|vn|
6dx→ b. (4.13)?� S HP��� (4.12) ��O_�

S
(∫

R3

|vn|
6dx

) 1
3

≤ ‖vn‖
2
λn

≤

∫

R3

|vn|
6dx+ on(1). (4.14)�5�?� (4.13) ��6�GE b ≥ S

3
2 .Q	b`�<ÆE un ∈ Nλn,µ, �

Iλn,µ(un) =
1

2
‖un‖

2
λn

+
1

4
F (un) −

µ

p

∫

R3

|un|
pdx−

1

6

∫

R3

|un|
6dx

=
1

4
‖un‖

2
λn

+ (
µ

4
−
µ

p
)

∫

R3

|un|
pdx+

1

12

∫

R3

|un|
6dx

=
1

4
‖vn‖

2
λn

+

∫

R3

|∇u|2dx+ (
µ

4
−
µ

p
)

∫

R3

|u|pdx+
1

12

∫

R3

|vn|
6dx

+
1

12

∫

R3

|u|6dx + on(1)

≥
1

4
S

(∫

R3

|vn|
6dx

) 1
3

+
1

12

∫

R3

|u|6dx+ on(1).� Iλn,µ(un) ≤ cµ,r � (4.13) ��6�GE
1

4
Sb

1
3 +

1

12
b ≤ cµ,r.7Y� cµ,r ≥ 1

3S
3
2 , )�"UH��5� L6(R3) 4� un → u, $6�GE β(un) → β(u) =

β0(u). ?� (4.12) ��O_� u ∈ Nµ, Iµ(u) = lim
n→∞

Iλn,µ(un) ≤ cµ,r. �?��< 4.4, $�
β(u) ∈ Ω+

r/2, )�O_H� β(un) /∈ Ω+
r \V�v8 2 µ

∫
R3 |u|

pdx+
∫

R3 |u|
6dx > F (u) +

∫
R3 |∇u|

2dx. )7v8Y�8 tµ ∈ (0, 1), �G tµu ∈ Nµ, 7Y�
cµ ≤ Iµ(tµu)

=
t2µ
2
‖u‖2

0 +
t4µ
4
F (u) −

tpµ
p
µ

∫

R3

|u|pdx−
t6µ
6

∫

R3

|u|6dx

=
t2µ
3
‖u‖2

0 +
t4µ
12
F (u) − (

1

p
−

1

6
)tpµµ

∫

R3

|u|pdx.?� un ∈ Nλn,µ, $�
Iλn,µ(un) =

1

2
‖un‖

2
λn

+
1

4
F (un) −

µ

p

∫

R3

|un|
pdx−

1

6

∫

R3

|un|
6dx

=
1

3
‖un‖

2
λn

+
1

12
F (un) − (

1

p
−

1

6
)µ

∫

R3

|un|
pdx.
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cµ + (

1

p
−

1

6
)tpµµ

∫

R3

|u|pdx ≤
t2µ
3
‖u‖2

0 +
t4µ
12
F (u)

≤ lim inf
n→∞

( t2µ
3
‖un‖

2
0 +

t4µ
12
F (un)

)

≤ lim inf
n→∞

(1

3
‖un‖

2
0 +

1

12
F (un)

)

≤ lim inf
n→∞

(
Iλn,µ(un) + (

1

p
−

1

6
)µ

∫

R3

|un|
pdx

)

≤ cµ,r + (
1

p
−

1

6
)µ

∫

R3

|u|pdx.f℄�?��< 4.3, O_� tµ = 1 + oµ(1). 7Y�
∣∣∣
∫

R3

|∇un|
2dx−

∫

R3

|∇(tµu)|
2dx

∣∣∣ ≤ 3(cµ,r − cµ) + oµ(1) + on(1). (4.15)<ÆE H1(R3) 4� un ⇀ u, ?� (4.15) ��$�
∫

R3

|∇(un − tµu)|
2dx ≤ 3(cµ,r − cµ) + oµ(1) + on(1).,�� ∫

R3

(un − tµu)
6dx ≤

1

S3

[
3(cµ,r − cµ) + oµ(1) + on(1)

]3

.f℄�U1ghH µ �1g;H n, O_�
|β(un) − β(tµu)| ≤

r

2
.?� Iλn,µ(un) ≤ cµ,r, . Iµ(tµu) ≤ cµ,r + oµ(1). �5�?��< 4.4, 6�GE β(tµu) =

β0(tµu) ∈ Ω+
r/2, )�O_H� β(un) /∈ Ω+

r \V��< 4.5 ,��
5 [�kVR��q 5.1[11] � I �P� C1 Finsler Tq M 
H C1 a|��z I Yb�!�tZB (PS) 7��f℄ I 1�� catMM ";HM!O�q 5.2[7] � Γ,Ω+,Ω− ��A��ZB Ω− ⊂ Ω+, Φ : Ω− → Γ, β : Γ → Ω+ �GoD|����G β ◦ Φ ��J�� Id : Ω− → Ω+ ;WK��f℄ catΓΓ ≥ catΩ+Ω−.P� ur ∈ H1

0 (Br(0)) �a| Iµ,r H	oM!O�ZB
Iµ,r(ur) = cµ,r, I ′µ,r(ur) = 0.P� Ψr : Ω−

r → H1
0 (Ω),

Ψr(y)(x) =




ur(|x− y|), x ∈ Br(y),

0, x ∈ Ω \Br(y).
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β(Ψr(y)) = y, y ∈ Ω−

r . (5.1)Q�
Ψr(y)(x) ∈ Nλ,µ, Iλ,µ(Ψr(y)(x)) = Iµ,r(Ψr(y)(x)) = cµ,r. (5.2)Xq 1.2 T�w U� λ > λ∗ � µ < µ∗, P�Go��

Ω−
r

Ψr−→ I
cµ,r

λ,µ

β
−→Ω+

r ,q4 I
cµ,r

λ,µ = {u ∈ Nλ,µ | Iλ,µ ≤ cµ,r}. ?��< 4.5 � (5.2) ��)GoP��F}H��FU� c ≤ cµ,r, Iλ,µ  Nλ,µ 
ZB (PS)c 7��?��< 5.1, Iλ,µ  Nλ,µ 
1��
catIcµ,r

λ,µ
(I

cµ,r

λ,µ ) oM!O�f℄� (5.1)���< 5.2 ~ÆJ Iλ,µ  Nλ,µ 
1�� catΩ+
r
(Ω−

r )oM!O�7Y� E 
1�� catΩ(Ω) oM!O��5�N5 (1.1)1�� catΩ(Ω) o��P< 1.2 ,�� N n � �
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[12] Clapp M, Ding Y. Positive solutions of a Schrödinger equation with critical nonlinearity. Z Angew Math

Phys, 2004, 55: 592–605

[13] Ding Y, Szulkin A. Bound states for semilinear Schrödinger equations with sign-changing potential. Calc

Var Partial Differential Equations, 2007, 29: 397–419

[14] dBC��Ml�Dax�O#wr[ Schrödinger-Maxwell d0J	0 �$�S>���2019, 39A(3): 475–

483

Fang L, Huang W, Wang M. Ground-state solutions for Schrödinger-Maxwell equations in the critical

growth. Acta Math Sci, 2019, 39A(3): 475–483

[15] ig)�>�%O#dJ�RI - !*X<fn^ J:"w�$�S>��� 2020, 40A(6): 1590–1598

Feng X. Nontrivial solution for Schrödinger-Poisson type systems with double critical terms. Acta Math

Sci, 2020, 40A(6): 1590–1598

[16] Jiang Y, Zhou H. Schrödinger-Poisson system with steep potential well. J Differential Equations, 2011,

251: 582–608

[17] Jin T, Yang Z. The fractional Schrödinger-Poisson systems with infinitely many solutions. J Korean Math

Soc, 2020, 57: 489–506



No.6 +�mK�	:=�Go%"HM!~PG - �(b.HW8� 1767

[18] Landkof N. Foundations of Modern Potential Theory. New York: Springer-Verlag, 1972

[19] Sun J, Wu T. Ground state solutions for an indefinite Kirchhoff type problem with steep potential well. J

Differential Equations, 2014, 256: 1771–1792

[20] Yang Z, Yu Y, Zhao F. Concentration behavior of ground state solutions for a fractional Schrödinger-

Poisson system involving critical exponent. Commun Contemp Math, 2019, 21: 1–46

[21] Yang Z, Zhang W, Zhao F. Existence and concentration results for fractional Schrödinger-Poisson system

via penalization method. Electron J Differential Equations, 2021, 14: 1–31

[22] Ye Y, Tang C. Existence and multiplicity of solutions for Schrödinger-Poisson equations with sign-changing

potential. Calc Var Partial Differential Equations, 2015, 53: 383–411

[23] Zhang J, Lou Z. Existence and concentration behavior of solutions to Kirchhoff type equation with steep

potential well and critical growth. J Math Phys, 2021, 62: 1–14

[24] Zhao L, Liu H, Zhao F. Existence and concentration of solutions for the Schrödinger-Poisson equations

with steep well potential. J Differential Equations, 2013, 255: 1–23

[25] Zhao L, Zhao F. Positive solutions for Schrödinger-Poisson equations with a critical exponent. Nonlinear

Anal, 1998, 11: 283–293

Multiplicity of Solutions for a Class of Critical Schrödinger-Poisson

System with Two Parameters

1Chen Yongpeng 2Yang Zhipeng
(1School of Science, Guangxi University of Science and Technology, Guangxi Liuzhou 545006;

2Mathematical Institute, Georg-August-University of Göttingen, Göttingen 37073)

Abstract: In this paper, we consider the following critical Schrödinger-Poisson system





−∆u+ λV (x)u + φu = µ|u|p−2u+ |u|4u, x ∈ R
3,

−∆φ = u2, x ∈ R
3,

where λ, µ are two positive parameters, p ∈ (4, 6) and V satisfies some potential well conditions.

By using the variational arguments, we prove the existence of ground state solutions for λ large

enough and µ > 0, and their asymptotical behavior as λ → ∞. Moreover, by using Lusternik-

Schnirelmann theory, we obtain the existence of multiple solutions if λ is large and µ is small.

Key words: Critical exponent; Asymptotical behavior; Multiple solutions.
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