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Abstract: This article deals with the following fractional Kirchhoff problem with critical exponent

a+b I |(=A)z2uPdx [(-A)Su = (1 + eK(x))u>!, in RV,
[RN

where a, b > 0 are given constants, € is a small parameter, 2 = % with 0 < s <1and N > 4s. We first
prove the nondegeneracy of positive solutions when € = 0. In particular, we prove that uniqueness breaks
down for dimensions N > 4s, i.e., we show that there exist two nondegenerate positive solutions which
seem to be completely different from the result of the fractional Schrédinger equation or the low-dimen-
sional fractional Kirchhoff equation. Using the finite-dimensional reduction method and perturbed argu-
ments, we also obtain the existence of positive solutions to the singular perturbation problems for £ small.
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1 Introduction and main results

In this article, we are concerned with the following fractional Kirchhoff problem:

a+b I [(=A)supPdx [(-A)yu = (1 + eKGOWE1,  in RV, 1.1)

R

where a, b > 0 are given constants, € is a small parameter, K(x) : RV — R, (-A)® is the pseudo-differential
operator defined by

F(-D)wE) = §PFWE), §eRY,

where ¥ denotes the Fourier transform, 25 = % is the standard fractional Sobolev critical exponent.

Recently, when € = 0 in (1.1), Yang and Yu [1] established uniqueness and nondegeneracy for 1 < N < 4s.
Then in this article, we will consider the high-dimensional cases, i.e., N > 4s and the associated singularly
perturbation problems.

If s = 1, equation (1.1) reduces to the well-known Kirchhoff-type problem; this problem and its variants
have been studied extensively in the literature. The equation that goes under the name of Kirchhoff
equation was proposed in [2] as a model for the transverse oscillation of a stretched string in the form
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L
phd2u — | po + %hjlaxulzdx 2.u =0, (1.2)

fort > 0 and 0 < x < L, where u = u(t, x) is the lateral displacement at time ¢ and at position x, & is the
Young’s modulus, p is the mass density, h is the cross-sectional area, L is the length of the string, and py is
the initial stress tension. Problem (1.2) and its variants have been studied extensively in the literature.
Bernstein obtains the global stability result in [3], which has been generalized to arbitrary dimension N > 1
by Pohozaev in [4]. We point out that such problems may describe a process of some biological systems
dependent on the average of itself, such as the density of population (see, e.g., [5]). Many interesting work
on Kirchhoff equations can be found in [6—-9] and references therein. We also refer to [10] for a recent survey
of the results connected to this model.

On the other hand, the interest in generalizing the model introduced by Kirchhoff to the fractional case
does not arise only for mathematical purposes. In fact, following the ideas of [11] and the concept of
fractional perimeter, Fiscella and Valdinoci proposed in [12] an equation describing the behavior of a string
constrained at the extrema in which appears the fractional length of the rope. Recently, problem similar to
(1.1) has been extensively investigated by many authors using different techniques and producing several
relevant results (see, e.g., [13-23]).

Besides, if b,e =0 in (1.1), then we are led immediately to the following fractional Schrédinger
equation:

(-Ayu = u>1, in RV, 1.3)

which is also of practical interest and importance. For instance, it arises as the Euler-Lagrange equation of
the functional
s |2
-[RN ‘ dx

n N\
(j[RN|u|rzsdx)

The classification of the solutions would provide the best constant in the inequality of the critical Sobolev
imbedding from HS(RY) to Lv's(RN):

I(uw) =

N-2s
N

2
j usdr | < cj [Cayauf dx,
RY RY
where the fractional Sobolev space H5(RY) is defined by

H5(RY) = {u e 2(RN) : M € [X(RN x [RN)},
X-y 5+s

endowed with the natural norm

_ 2
e [ | [ B0y

From [24], we have

2
(-5l = jk’ PIFGPAE = 2 CN, 9) j dedy.

_ y|N+2s

And we also define the homogeneous fractional Sobolev space
%
DS2RY) = Ju € LZRM) : ful = I I=a)sul | < ool

RN
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Since the fractional Laplacian (-A)® is a nonlocal operator, one cannot apply directly the usual techniques
dealing with the classical Laplacian operator. By using the moving plane method of integral form, Chen et al.
[25] proved that every positive regular solution of (1.3) is radially symmetric and monotone about some point,
and therefore assumes the form

N-2s

Q) = C(N, s)(m) C L CN,s)#0, 150, RN,

Let us observe that

N-2s

Upe(x) = A”z“o(x ;l ‘f), Q(x) = C(N, s)(1 +1|X|2) .

which actually reflects the invariance of the equation under the above scaling and translations. Then Davila
et al. [26] proved that the solution above is nondegenerate in the sense that all bounded solutions to the
equation

(-0 = (25 - Dux%p

are linear combinations of the functions N’Tzsu +x-Vu and 0,u,1<i<N. We also refer to [27-33] for
recent works for the nonlocal problems.

From the viewpoint of calculus of variation, the fractional Kirchhoff problem (1.1) is much more com-
plex and difficult than the classical fractional Laplacian equation (1.3) as the appearance of the term

b(IRNl(—A)zulzdx)(—A)su, which is of order four. So a fundamental task for the study of problem (1.1) is

to make clear the effects of this nonlocal term. Recently, Radulescu and Yang [34] established uniqueness
and nondegeneracy for positive solutions to Kirchhoff equations with subcritical growth. More precisely,
they proved that the following fractional Kirchhoff equation:

a+h j (—AYuPdx |(-AYu + u = juP2u, in RV,
N

R

where % <s<1,2<p<2= %, has a unique nondegenerate positive radial solution. For the high-
dimensional case, Yang [35] proved that uniqueness breaks down for dimensions N > 4s, i.e., there exist
two nondegenerate positive solutions which seem to be completely different from the result of the fractional
Schrodinger equation or the low-dimensional fractional Kirchhoff equation. As one application, combining
this nondegeneracy result and Lyapunov-Schmidt reduction method, they also derive the existence of

solutions to the singularly perturbation problems [36,37]. For the critical problem (1.1) with € = 0,

a+ bI (=A)iuPdx |(-A)u = w1, in RV, (1.4)
[RN
Yang and Yu [1] established uniqueness and nondegeneracy for1 < N < 4s. Then as a counterpart to these

results, we consider the high-dimensional fractional Kirchhoff equations with critical growth. The first
results of this article are collected in the following.

Theorem 1.1. Assume that a, b > 0. Then the following statements are true:
(1) If1 < N < 4s, then problem (1.4) has exactly one solution;
S 2 . .
(ii) If N = 4s, then problem (1.4) is solvable if and only if b H(—A)iQH < 1, and in this case problem (1.1) has
2

exactly one solution;
(iii) If N > 4s, then problem (1.4) is solvable if and only if
zsaésiN(N _ 4S)N£:s

s 112
b|lcavef « =5




1100 —— Guangze Gu and Zhipeng Yang DE GRUYTER

Furthermore, problem (1.4) has exactly one solution when the equality holds and has exactly two solu-
tions for the other case.

Moreover, define the solution by U, which is of the form

Uhg00) = Aa(%)

where A > 0, £ € RN and positive constant c = a + bI[RNl(—A)%QF. Furthermore, there exist some x, € RN such
that U(-—xo) is radial, positive, and strictly decreasing in r = |x — xq|. Moreover, the function U belongs to
C®(RN) and it satisfies

G G

— < < 7, Vx € RN,
1+ |X|N+Zs ( ) | |N+B

with some constants G, > C; > 0.

Theorem 1.2. Suppose that a, b > 0. Then any positive solution U(x) of problem (1.4) is nondegenerate in the
sense that there holds

N

Ker £, = span{axlU, U, ...,0xU, N-2y,x ~VU},

if one of the following conditions holds:
e 1< N<i4s;

s AR, 2sa" % (N - as)'
o N> ds anab (-] 205
2 (N-2s) 25

where L, is defined as

L =[a+b [ IC0UPax |8y - @i - DU + 28| [ COIUCDIpA |-0PU A5)

RY RY

acting on L*(RY) with domain D.

By Theorem 1.2, it is now possible that we apply finite-dimensional reduction to study the perturbed
fractional Kirchhoff equation (1.1). Our problem is motivated by an interesting work [38], in which the
following local problem was studied

—Au=(1+eK)u> "1, u>0, ueD-ARY), (1.6)
Equation (1.6) can be derived from the following scalar curvature equation:

4N -1)

N3 Agu + Sou = (1 + eKO)ux"1, 1.7)

where A, and S, denote the Laplace-Beltrami operator and the scalar curvature of the N-dimensional
Riemann manifold (M, g,), respectively. Equation (1.7) and its variants have been studied extensively by the
mathematicians, and the reader can check [39-42] and references therein.

Note that if u is a (weak) solution to equation (1.1), then the following Pohozaev identity [19] holds:

2

w'[vK—miu M I|( Asup | - —j(l + e — —I(x VKW =

Therefore, if u is a solution of equation (1.1), then

I(x VK)u% =0
N
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Obviously, equation (1.1) does not have any solution if x -VK < 0 or x -VK > 0. Thus, in order to ensure the
existence of solutions of equation (1.1), it is natural to suppose that K has critical points. More precisely, we
assume that

(K1) K € L°(RY) n CY(RY) has finitely many critical points and set Crit(K) = {x|VK(x) = 0}.

(K,) ¥ e Crit(K), 3 € (1, N), and a(x) € C(RN) with ¥/ ai(¢) # 0, such that

N
K@) = K@) + Y a(©lx - &lF + o(x - £1F),  x € Bs(®),

j=1
where 6 > 0 is a small constant.
(K3) K satisfies
(i) 3p > 0 such that x -VK(x) < 0, Vx| = p.
(i) x-VK(x) € LRV) and jRN(x VK (x))dx < O.
(K4)
Z degloc(VK’ ‘{) * (_1)N,

as<0

where degj,. denotes the local degree and a; = Z?’zla}'({ ).
Now we state the existence result as follows.

Theorem 1.3. Let a, b > 0, K(x) satisfy (K;) - (K4), 1 < N < 4s, or N = 4s with b H( A)zQH < 1, then there
exist constants €y, Ao > 0, and &, € R¥ such that for all |g| < &g, problem (1.1) has a solutzon u, and

Us(x) = Uppe,(x), as € — 0.

s 2 4s-N _ N—;&s
Theorem 1.4. Let a, b > 0, K(x) satisfy (K;) — (K4), N > 4s with b H(—A)*QH < 20 = WA 5 ihon there
(N-2s) 25

exist constants €y, Ao > 0, and &, € RN such that for all |g| < &, problem (1.1) has two solutions ul(i=1,2)
(one solution when the equality holds) and

ul(x) - Uj,eX), as &—0.

This article is organized as follows. We complete the proof of Theorem 1.1 in Section 2 and prove
Theorem 1.2 in Section 3. In Section 4, we present some basic results and explain the strategy of the proof
of Theorems 1.3 and 1.4.

Notation. Throughout this article, we make use of the following notations.

 For any R > 0 and for any x € R¥, By(x) denotes the ball of radius R centered at x;
* ||-ll; denotes the usual norm of the space LIRM),1 < g < oo;

¢ 0,(1) denotes 0,(1) — 0 asn — oo;

e CorCyfi=1,2,...) are some positive constants that may change from line to line.

2 Proof of Theorem 1.1

In this section we prove Theorem 1.1. Our methods depend on the following result for the well-known
fractional critical problem

(-A)su =us1, xeRVN, (2.1)

By using the moving plan method of integral form, Chen et al. [25] proved that every positive regular
solution of (2.1) is radially symmetric, monotone about some point, and therefore assumes the form
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N-2s
2

Q(X) = C(N, S)(ﬁx_{'z) , C(N, S) + 0, A> o, fG [RN,

which satisfies

G

G
W < Q) <

_ N
< 1+|X|N+Zs’ Vx € RY,

with some constants G, > C; > 0. Let

c=a+ bI [(=A)sul?.
[RN

DE GRUYTER

It is not difficult to check that v(x) = u(c>x) is a solution of equation (2.1). By the uniqueness of Q, we can

deduce that

v(x) = ANEBQ(X ; '{),

where £ € RY, A > 0. Furthermore,

_ 7# C_ZISX - {
u(x) = A 0(7/1 )

Then, direct calculation shows that

fE) =E-a-b ||(—A)§QH§ %20, &el(a,+o0).

(2.2)

Therefore, to find solution U(x) of (1.4), it suffices to find positive solutions of the above algebraic equation

(2.2), and & is a constant, which only depends on a, b, and Q.

Case 1: 1 < N < 4s: In this case, we have % < 1, which implies that limg_, ,f (§) = +0c0. Moreover, one

has f(a) < 0. Consequently, there exists unique &, > a such that f(&y) = 0, which means that (1.4) has a

unique solution.
Case 2: N = 4s: In this case, (2.2) becomes

2
E-a-h H(—A)ZQH2 =0,

which means that this equation has a unique positive solution

_ a
- 2
o owe]

Eo

-
s 2°
| e,
Case 3: N > 4s: A simple computation implies that

if and only if b <

N-4s

fr© =1- 1 Zp||-miglf &5,

which means that f(&) has a unique maximum point

2s
s 12
(N - ZS)H(—A)EQHZ b

Eo =

and the maximum of f(&) is

(2.3)

(2.4)

(2.5)

(2.6)



DE GRUYTER On the singular perturbation fractional Kirchhoff equations = 1103

25
N-4s
f(Eo) = (11:]7_ ;‘S) % — —a. @7)
~ 23/ (- ZS)H(—A)i()H b
2
It is easy to see that f(Eq) > 0 implies
s R 2sa5 (N - 4s)'5"
b H(-A)zQH L Ba=( N) il (2.8)
2 (N-25)=

Since f"(&) < 0 in (0, +co0) due to N > 4s, we know that f(&) is concave in (0, +co). Noting further that
f(0) = —a < 0 and limg_,,f (E) = —00, a sufficient and necessary condition for the solvability of equation
(2.2) in (0, +00) is f(Eo) = 0. Hence, equation (2.2) has a solution in (0, +00) if and only if inequality (2.8)
holds. Furthermore, we have

s 2 4s-N B N-4s
G If b H(—A)EQ L = %, then equation (2.2) has exactly one positive solution &, defined

(N*ZS) 2s
by (2.6);
s 2 % MN 4 N-4s
(i) Ifb H(—A)iQ ‘ < 0= W4 % hen equation (2.2) has exactly two positive solutions &; and &, such
p) (N-25)2

that &; € (0, &p) and &; € (&, +00).

3 Nondegeneracy results

In this section, we prove the nondegeneracy results of Theorem 1.2. For positive constants a, b, we define
the differential operator L as

L) =]a+ b_[ [(=A)sulPdx |(-A)su — uz!
RN

for any u € HS(RY) in the weak sense. The linearized operator £, of L at U is defined as

dL(U + top)

, Vo € HS(RM).
ar @ RY)

t=0

-£+(§0) =

It is easy to see that for any ¢ € H5(RY),

L(p)=|a+b j I(=8):UPdx |(-A)%p — (25 - DU 2p + 2b j(—A)%U(—A)%qodx (-AyU
RN RN

=T.(p) + L(p)(-D)°U,
acting on L*(R") with domain D(L), where
L(p) = c(-0)°p — (2 - DU,
withc=a + bIRNK—A)%U |2dx and

Lo(g) = 2b I(—A)%U(—A)%(pdx .
[RN

We observe now that

N-2s

Up(x) = A-”fo(" - ¢ ) Q) = C(N, S)(Tlpqz) -
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Differentiating the equation
(-D)Ue = U in RY,
with respect of the parameters at A = 1, £ = 0, we see that the functions

- 2s

N
WUpe = 5

Q+x-VQ, 0glp¢=-0,Q

annihilate the linearized operator around Q; namely, they satisfy the equation
(-A)3¢ = (25 - 1)Q>%¢p in RN,

With no loss of generality, we assume that U(x) = U(]x|) is the unique positive radial energy solution to
equation (2.1). Then we have

N -2s

Ker T, = span{ U+ x-VU, Uy, Uy, ...,UXN}. 3.1

Since % is nonradially symmetric, we have the following corollary:

Corollary 3.1. T, is invertible on L2, (RV).

Lemma 3.1. Let U(x) be a positive solution to the equation L(u) = 0 in HS(RN). Then Lz(%) =0 for
ief{l,2, ...,NL ‘
Proof. From the definition of L,, and U is the solution of the equation
c(-A)»U = UE,
We have
L, o =-2b a—U(—A)Sde.
6x1~ v aXi
R

Therefore,

U b U b a(i*UT;)
Lz(— _ % j 219U g, = ij'zsidx.
aX,' c v aXi C v 6xi

R R

3 LU
Since, for any fixed i, up to a translation, the function (25 — is odd in variable x;, it is easy to see that
(i)
>
j A% Jgx-o.
aX,'
[RN
Therefore, Lz(%) =0. O

Lemma 3.2. Let U(x) be a positive solution to the equation L(u) = 0 in HS(RN). If N > 4s and

s 2
(N -29)b ], (—A)zU’ d
2sc ’
then

25a4sisN(N _ 4S)N£s4s
(N - 2)"%"

bl

b J ‘(—A)%Qr dx =
I

where Q € H5(RY) is the unique positive solution to the equation (1.3).
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2
Proof. Noting that c = a + bf[RN (—A)%U ‘ dx, the assumption

s 2
(N -2, (—A)zU‘  _
2sc
implies
2 —
b_[ (3] dx = 250 nd o= N =290a
. N - 4s N - 4s
R

Since U(x) € H5(RY) is a positive solution to the equation L(u) = 0, we know that U(x) has the following
form:

Ux) = Q(c*ix)
with Q(x) € H5(RV) being the unique positive solution to equation (1.3). Therefore,
N-2s
2 _ 2 - T 2
I ‘(_A)%U‘ dx = CNTZSI ‘(—A)%Q‘ dx = (M) * I ‘(—A)%Q‘ dx.
. N - 4s
R

RY RY

Therefore, we have

3 2sa"5 (N — 4s)"%"
(N - 25)"%"

s |12
b j (-m)3q] ax
IRN
This completes the proof. O

Lemma 3.3. Let U(x) be a positive solution to the equation L(u) = 0 in H(RY). Suppose that
1<N<4s

or

N-4s

2sa"5 (N — 4s)"%
(N _ Zs)Niszs :

N > 4s and b_[ ‘(—A)%Q‘z dx +
RY

Then

Ker (L)NLzaRY) = {0}.

Proof. Direct computation shows that @U +x-VU = @U + rU'(r) is indeed a radial solution to equa-
tion L, = 0. We have to prove that #U + x -VU is the unique radial solution to equation £, = 0 in

Dr.q up to a constant, where D,,q contains all the radial functions in D5>%(RY).
T
Letc=a+b H(—A)zU H . Recall that U is a ground state solution of (1.2). It follows from above that c is a
2

constant independent of U under the assumptions of Theorem 1.1. Let ¢ € Dyq satisfy L. =0. It is
equivalent to

T.p = c(=AYp — (25— DU g = —2b I(—A)%U(—A)%vdx (=AY,
[RN

Write eg = N;zsU + x -VU for simplicity. Since D,q is a Hilbert space, denote by D, the orthogonal com-

plement of Reg in D oq. Then ¢ = Aey + v for some A € R and v € Dy. By a direct computation, we find that
_[(—A)%u (—A)3ey = 0. This implies u € Dy. Moreover, note that T, is invertible on Dy. It follows from T,ey = 0
and I(—A)gu (~A)sey = O that v satisfies
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T = -2b I(—A)%U(—Aﬁvdx (-By°U = —@(U%-l), (3.2)
. c
R

where

G, = I(—A)%U(—A)%vdx.

[RN

By applying [43, Theorem 3.3], we conclude that

_ _2boy (U%) = _bavlp, (3.3)
C SC

where ¥ = x -VU. Multiplying (3.3) by (-A)’U and integrating over R, we see that

'[ v(-A)sUdx = —% f Y(-A)*Udx. (3.4)
RY RY
Note that
Iv(—A)SUdX = J (-A)2U(-A)zvdx (3.5)
RY RY
and
J P(-D)Tdx = 2 ; N I (-):UPdx (3.6)
RY RY

(see, e.g., [44]). We then conclude from (3.4) to (3.6) that

o, = -2 = N)oy I (~A)iUPdx = - £ W -N) o
2sc 2sc
[RN
It follows from Lemma 3.2 that
s 2
(@25~ N)b| (—A)EU‘ dx
1+ = #0
2sc

4s-N N-4s
2sa 2s (N-4s) 2s

2
provided that1 < N < 4s, or N > 4s and b-[RN ‘(—A)%Q‘ dx + =————=5—. Therefore, under this assump-
tion, we have v = 0. This completes the proof. (N=2s) 2 O

Proof of Theorem 1.2. Since (-A)U = ¢(U%™") and U(x) = U(|x]) is radial function, the operator L,
commutes with rotations in RY (see, e.g., [45]). Therefore, we can decompose L*(R") using spherical
harmonics

LRY) = e10H,
so that L, acts invariantly on each subspace
H; = L*(R,, rN-'dr) ® Y.
Here Y, = span{Y n}menm, denotes space of the spherical harmonics of degree [ in space dimension N and M;

is an index set depending on ! and N. Precisely, M, = (l(gjiv;),ll?' for 1 > 0 and M; = O for I < 0. Moreover,

denote by A v-1 the Laplacian-Beltrami operator on the unit N — 1 dimensional sphere Z¥-! in RY and by
Yim, I =0,1,... the spherical harmonics satisfy

_AZN’lyl,m = AlYl,m
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foralll=0,1,... and1 < m < M; — M,_,, where
A=IN+1-2) VI=0

is an eigenvalue of —A -1 with multiplicity <M; — M;_, for all k € N. In particular, Ay = 0 is of multiplicity 1
with Y5, =1, and A; = N - 1 is of multiplicity N with ¥} ,, = x,, /|x| for 1 < m < N (see, e.g., Ambrosetti and
Malchiodi [46, Chapter 2 and Chapter 4]).

We can describe the action of L, more precisely. For each [, the action of L, on the radial factor in #; is
given by

(Lot F)I) = c((=A)F)r) = (25 = DUZ2(NF () + 2b(W f)(r)

with the nonlocal linear operator

2

(WF)(r) = S ((~A)U)() I (A YN (rdr
0

i3

for f e CP(RY) ¢ LA, rN-1dr). Here (-A))® is given by spectral calculus and the known formula

a -2 Nr—lar+ z(z+:\21—2).

Applying arguments similar to that used in [43] and [45], one can verify that each L, ; enjoys a Perron-
Frobenius property, that is, if E = info(H;) is an eigenvalue, then E is simple and the corresponding
eigenfunction can be chosen strictly positive. Moreover, we have L, ; > 0 forl > 2 in the sense of quadratic
forms (see, e.g., [45]).

Since o,,U(x) = U’ (r)% € Hj, this shows that L, ;U’ = 0. Note that U'(r) < 0. It follows from the Perron-
Frobenius property that 0 is the lowest eigenvalue of L, ;, with —U'(r) being its corresponding eigenfunc-

tion. Therefore, for any v € H; satisfying L, ;v = 0 must be some linear combination of {3,,U : i = 1, 2, ...,N}
N-2s
2
be an eigenvalue of L,; > O for I > 2. Finally, Lemma 3.3 implies that L, o = {0}. Consequently, for any
v € kerL,, we conclude that v € H; and hence kerL, = kerL, ; = span{d,U, 0,,U, ...,0x,U, #U + x -VU}.

The proof is completed. O

and

U + x -VU. Recall that L, ; > 0 for [ > 2. Applying the Perron-Frobenius property again, O cannot

4 Singularly perturbation problem

In this section, we are concerned with the singularly perturbation fractional Kirchhoff equation

a+ bJ- [(=A)uldx |(-AYu = 1 + eKO))u®1, in RV, (4.1)

R

It is known that every solution to (4.1) is a critical point of the energy functional I, : D>*(RY) — R, given by

2

L =2 I (=Ayiup + 2 J (M)Supdx | - & I (1 + eKOOdx
2 N 4 o 2 o

for u € D>%(RY), which is the fractional Sobolev space equipped with the inner product and norm given by
u,v) = f L(=A)2u(-A)2v and |lul? = (u, u), respectively. It is standard to verify that I, € C3(D*2(R")). So we
are left to find a critical point of I.. However, because of the noncompactness of the injection of DS2(RY) into
L%(RY), it is impossible to prove that functional I, satisfies the Palais-Smale condition. To prove main
results, based on the nondegeneracy of solution to (1.3), and the perturbation method [38], we use the
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finite-dimensional reduction arguments. Moreover, due to the presence of the double nonlocal terms (-A)®
and (I[RN |(—A)§u|2), it requires more careful estimates in the procedure, which is more complicated than the

case of the fractional Schrédinger equation.

4.1 The abstract perturbation method

In this subsection, we state the abstract results we will use in the rest of the article. They are reported below
for the reader’s convenience.
Let E be a Hilbert space and let Iy, G € C3(E, R) be given. Consider the perturbed functional

I(u) = Ip(u) — eG(u).

Suppose that I, satisfies

(1) I, has a finite dimensional manifold of critical points Z; let b = Io(2), for all z € Z;
(2) for all z € Z, D?Iy(z) is a Fredholm operator with index zero;

(3) for all z ¢ Z there results T,Z = Ker DIy(z2).

Hereafter, we denote by I' the functional G |z.

Theorem 4.1. [38, Theorem 2.1] Let I satisfy (1)-(3) and suppose that there exists a critical point Z € Z of T
such that one of the following conditions hold:
(i) z is nondegenerated,
(ii) Zz is a proper local minimum or maximum;
(iti) z is isolated and the local topological degree of T at z, degio.(I", 0) is different from zero.

Then for |e| small enough, the functional I, has a critical point u, such that u;, — z as € — 0.

To apply Theorem 4.1, we set E = DS2(RN),

2

Lw =4 j (—A)iuPdx + 2 j (Aysupdx | - L j whdx
2 N 4 N 2

S
|RN

and

Gu) = L IK(x)uZ’édx.
2 N

Letting

Z = {U/\,g = ADSZSQ(%) :1>0,¢&¢ [RN}.

Then Z isan N + 1 dimensional manifold of critical points for the function I, corresponding to (1.3). In order
to apply the abstract setting we will check the assumptions on I, introduced above. The nondegeneracy
condition comes from Theorem 1.2, so we only need to prove the following result.

Lemma 4.1. Let
s 2 s s -
B =|a+b [ |30 ax |0y + 26| [ (-0 (-D)ipdx |05 Trg - @5 - DU p.
RY RY

Then Iy (Uy¢) is a Fredholm operator with zero index.
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Proof. Recalling that
S 2
c=a+bfkﬂﬁm4 dx,
IRN

then for any i € DS2(RY), we have

(OO, ) =cj(—A)%<a(—A>%¢dx+zb j(—A)%m,s<—A>%¢dx f (~0)5Th(~D)ipelx
RN RN RN
- -0 [ U pwax.
[RN

Suppose that {g,} is bounded in D52(R¥), then there exists a subsequence of {g,} (we still denote {¢,}), such
that

¢, — @ weakly in DS2(RY),

@, — @ stronglyin L? (RY), 2<q<2,

®,— ¢ a.e.on RV,

Let
(Lo p) = 28| [ (DD | [ DU - @5 - 1) [ UF g
RY RN RN

Then, using Holder inequality we obtain

26-1
%

2
(L, - Lo < 2b | [ BIT-D)p, - o)dx|IUNI + @ - v| [ U, - @hEidx| I,
RY RY

251
2 %

|| [ corv-ni, - px| +| [ WFIg, - pDziax| i,
RN RY

Thus, we can obtain

22-2) 2 %
129, - L9l < | | [ 00, - )dx| +| [U,F 1g, - ol idx
[RN N

R

On one hand, since ¢, — ¢ in D>2(RY), then

j@&mgﬂﬂ%—@MHO%nﬁm.
[RN
On the other hand, by Vitali convergence theorem, we have
2022 ,
UA,EH lp, - (plffldx — 0 as n— co.
[RN

Therefore, we have ||£L'p, - L'¢p|l — 0 asn — co. Hence, £’ is a compact operator. O
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Up to now, we have proved that I, satisfies assumptions (1)—(3). As described above, one has

T\, &) = G(Upe) = zi j K(ch(x + £)Q%00dx,
S [RN

which is nothing but a Poincaré-Melnikov-type function. Our next goal is to show that, locally near any
z € Z, there exists a manifold Z,, diffeomorphic to Z which is a natural constraint for I.. By this we mean
that u € Z, and I}|;, implies I/(u) = 0. In this way, the search of critical points of I, on E is reduced to the
search of critical points of I|,.

In the sequel, we define T :Z = span{q, @, ...,qn+1} by the tangent space to Z at Uy ¢, where

_

Lemma 4.2. For given R > 0, there exists constant £y > 0 and a C' function
w =w(Uyg €) : BY*(0) x (€0, £0) — D¥2(RN)

such that for any (A, &) € BY*1(0) and € € (-&o, &), the following properties hold:
(1) w(Uye, €) is orthogonal to Ty :Z,
(i) L(Upg + w(Upe, €) € Ty eZ,
(iti)y w(lUy¢, 0) = 0, where BY(0) denotes the N dimension ball centering at zero with radius R.

Proof. We will find w(Uj, ¢, €) by means of the local inversion theorem applied to the map
H : B{*'(0) x DS2(RN) x R x RN+l — DS2(RN) x RN+!

with components H; € E and H, € R¥*! given by

N+1

Hl(QA,fy w, &, 0) = Ié(Q/\,f + W) - Z O-]q]’
j=1

HZ(Q/\,f’ w, &, 0) = (<W’ Q1>, ceey <Ws CIN+1>),

where

U, v) = j (—AYiu (~A)ivdx.

Let us remark that H; = O means that IS’(UM + w(Uys, €)) € Ty, sZ namely that (ii) holds, while H, = 0 means
that w is orthogonal to Ty ;Z, namely that (i) holds.
Note that for each Uy ¢ € S,

H([]/\,ff Oa Oa 0) = (Hl(L]A,{s Os Os O)’ HZ(LI/\,fy O’ O’ O)) = (I(S(l]/\,f)a 0) =0
and the derivative of H at Qys € S, € =0, 0 = 0 and w = 0 can be stated as follows:

N+1
oH

3w, 5y 2 00 0)¢, d] = [ILQuolP] = Y dg, (D, q0)s -, (D, Ania) |,

j=1

where ¢ € DY2(RN) and d = (d, ...,dy.1).

From Lemma 4.1, we can prove that (QA 0,0, 0) is a Fredholm operator of index 0, so it is
enough to prove that it is injective. Then let us assume that (QA £ 0,0,0)[d, ¢] = (0, 0). From
N+1

[I(Quo)lg] = Z dig;
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taking the inner product with g;, we infer that d; = 0 and
Iy(Qu )] =

Using again (3), we deduce that ¢ e T),¢Z. On the other 31de ) = 0 implies that ¢ is orthogonal to Ty :Z
and thus ¢ = 0. This shows that (QA £ 0,0,0)is 1r1vert1ble and an application of the implicit function
theorem yields the results. O

Based on Lemma 4.2, it is natural to introduce the perturbed manifold
Z. = {Uy¢ + w(lys, ©)IA, §) € BY(0)}

It is easy to prove that Z, is a natural constraint for I, that is to say the critical point of I, on Z, is also a
critical point of I, on D>2(RN). In fact, ifu = Uy ¢ + w(Uy¢, €) € Z is a critical point of I, on Z, then L)(u) is
orthogonal to T,Z,, where T,Z, is the tangent space to Z, at u. On the other hand, from Lemma 4.2(ii) we can
know that I;(u) € Ty ¢Z and T,Z; is near T ;Z provided ¢ is small enough. Thus, I,(u) = 0. Moreover, we have
that

I(Upe + w(Ups, ) = Io(Uy,¢) — €T(A, &) + o(e) as € — 0.

Consequently, if (A, &) is a critical point of the restriction I'(A, &), then Uy ¢ + w(Uy ¢, €) will turn out to be a
critical point of I.. From the analysis above, then we turn to solve the finite-dimensional functional I'(A, ¢).

4.2 Behavior of (A, &)

We begin by proving some general properties of I'(A, &). First of all, it is convenient to extend I'(A, &) by
continuity to A = 0 for all fixed ¢ € RN by setting

10, §) = o [ Klek)Q%00dx = enk(c6),
SIRN

where
1 .
- - | @,
2 .
R
Moreover, we have
ar()l 9 _1 j (VK(c5(Ax + £))- c2x)Q%(x)dx.
5 RY
Since
jx,-02§(x)dx ~0, foralli=1,2,..,N,
[RN
then
o0, 8) _ “w
oA

As a consequence, we can further extend I' by symmetry to R¥*! as a C! function. We will use the same
symbol I for such a function. Moreover, from (4.2), we can find that

e Crit(K) & (o, gm%) e Crit(D). (4.3)
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In the sequel, we are going to introduce some lemmas which is crucial in studying the finite dimensional
functional I'(4, &).

Lemma 4.3. Suppose that (K3) holds. Then there exists R > O such that
(VI §)-(A, §)) < 0 for any |A| + [§] > R.

Proof. Let z = (A, ¢), and then

2((V.I'(z) 2) = J‘(VK(C%(AY + &) cx(y + £)Q*(y)dy
[RN

RN oo x4
. IN(VK(x) x)Q( . )dx
R

_N,_
=c2A N g + hyR),
where

Sk = j (VK () x)Qﬁ(%)dx,

Bg(0)

g = j (VK (x)- x)QZ’{M)dx.

A
RN\BR(0)

From (IG)(ii), we can deduce that there exists Ry such that for each R > Ry,

I(R) = '[ (VK(x)- x)dx < 0. (4.4)
Bg(0)

Let f(x) = (VK(x)- x). We define f*(x) = max{f(x), 0} and f~(x) = max{-f(x), 0},

x€Bg(0) A

max(A, £) = max QZ’{M),

min(A, &) = min QT{M).

x€Bg(0) A

By a direct calculation, we can prove that

Jir= J‘f+(X)QZZ(M)dX— J‘f_(X)QZZ(ﬂ)dX

A A
Bg(0) Bg(0) (4.5)
<max(, £ [ f00dx - mint, &) [ £ Godr.
Bg(0) Bg(0)
If |A| + |€] is large enough, then we have
CyAN
max(A, &) = N
(Az o5 - 1a) )
C2s
2N
min(l, §) =

C2s

(/V o(% IfI)Z)N’
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thus

max(A, §) 1

W+lélsco min(A, &) (4.6)

Furthermore, by (4.4)-(4.6), we know that J; g < O provided |A| + |¢] is large enough. Same as the proof
above, from (K3)(i), we can choose sufficient large R > p such that L,z < O. O

Lemma 4.4. Assume that (K;) holds. Then

- r(/\, {c’%) - r(o, {c%) e @)
A0 AP

where

BN
A = < Ya® [ mPoicoar.
[RN

s j=1

Proof. Note that if 8 < N, then |x[fQ%(x) € LY(RY). Thus, from (K;), we have

C D(AgeE)-T(08E) g (K(eRx + §) - KENQH)
Jim ——— - jim o | v dx
R
N B .
=% f Za}-({)‘cixj‘ Q%(0)dx
S g =1
¢t ¥ .
-2 3a©) [ P azcodx
s j=1 RY
¢t ¥ .
- Y a© [ hiPazeodx o
S j=1 RY

Lemma 4.5. Let ¢ € Crit(K) be isolated and suppose (K;) holds. Then z = (O, {c‘%s) is an isolated critical point
of T and the following properties hold:

N
degioc(VT, 2) = degio(VK, ), if Y ai(&) > 0,

j=1

N
degio(VT, z) = —degi(VK, &), if Z%({) <0.

j=1

Proof. By (4.3), we know that z is a critical point of T'. Since gj(x) € C(RY) and Z?’: 1a4i(§) # 0, then there exist
6 > O such that for any y € Bs(¢), we have Z;.V: ,a(y) # 0. From (4.7), we can conclude I'(A, yc) ~ I(0, yc*i) +
AyA¢ fory € Bs(¢), which together with isolated property of ¢ imply that z is an isolated critical point of T.

Let Ls = [-6, 6] x B5({C‘zls). For § > 0 small the degree deg(VT, Ls, 0) is well defined, then by property
of multiplicative yields to

or
deg(VFy Lﬁ: O) = deglOC(VK’ g) degloc(a’ O)- (4-8)

By (4.7) again, then we conclude that
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ar !
degio —, 0|=1, if Y ai&) >0,
an =

)

r N
degloc(—, 0) =-1, if Y a() <o0.

oA

j=1

Thus, by (4.8) and (4.9), we can prove this conclusion.

4.3 Proof of Theorems 1.3 and 1.4

Let
Ct={A, &)IA, &) e Crit(T), A > 0}.

DE GRUYTER

(4.9)

According to Lemmas 4.3 and 4.4, C* is a (possibly empty) compact set. Since the extended I is even in A,

then
C ={(-49IA, &) e C*

is also a critical point set of I'. Denote C=C* U C~. We claim that there is a bounded open set

Q ¢ (0, 00) x RN with C* ¢ Q such that
deg(VT, Q, 0) # 0.

Argue by contradiction, we may assume that there is an open bounded set Q with C* ¢ Q such that

deg(VT, Q, 0) = 0.
Using Lemma 4.3, we can prove that

deg(VT, BY*1(0), 0) = (-1)N+1,

Let Q- = {(-1, &) : (A, &) € Q} and set Q' = Q U Q. Of course, one has that

deg(VI, Q7,0) =0
and hence

deg(vrx BIIQ\I+1\Q,9 O) = (_1)N+1;

where Q' denotes the closure of Q'. According to (4.3) any z € Crit(I')\C must be of the form z = (O, fc‘%)

with ¢ e Crit(K). Using Lemma 4.5, then we can deduce that

deg(VT, BY™\Q', 0) = Y degoe(VT, 2) = ) degiod(VK, &) = Y degio(VK, &).

ag>0

Thus, one has

Z degio(VK, §) - z degio(VK, &) = (DN

az>0 ag<0

Let R > p, where p is defined as (K3). Since (VK - x) < 0 for all |x| = R(R = p), then we have

deg(VK, B{(0), 0) = (-D¥
which combining with the properties of topological degree yield to

Y degioVK, &) = (-DV.

&eCrit(K)
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Moreover, since a; = Z?]: 1ai(&) # 0 for all & € Crit(K), then
Y degi(VK, &) + ) degio(VK, &) = (-DV.

ag>0 ag<0
Therefore, we obtain

Y dego(VK, &) = (-1)V,

as<0

which contradicts to the assumption (K,). Then the claim is true and we can prove Theorems 1.3 and 1.4 by
Theorem 4.1.
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